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ON THE MAXIMUM TERMS, ORDERS AND TYPES OF THE,
DERIVATIVES OF AN ENTIRE FUNCTION IN SEVERAL
COMPLEX VARIABLES.

B. C. CHAKRABORTY AND B. K. RAY

Abstract : Let F be the family of all entire functions in the complex n-space C" . For f, g
¢ F, the Hadamard product fx g is defined. Certain inequalities involving maximum modulii
of the derivatives of the Hadamard product and the Hadamard product of the derivatives of f
and g have been obtained. A few relations involving maximum term and the corresponding

rank of the derivatives of the above product have also been obtained. Two kinds of orders

and typss have been considered and a few results involving them have been obtained.

I. Notations : We denote complex and real n-space by C" and R™ respectively and the

set of non-negative integers by T, so that I" denotes the Cartesian product of n-copies of I.

We indicate the points ( z,, . . . , z, ) (T 1), (my, o, m, ) ete of C" or R® by their

. n -
corresponding unsuffixed symbols z, r, m, etc. For z, we C" and a e Cwe definez = w iff
Zj = wi,i - i, ceey n

aZ = aZl,..,aZn)

2TV =(n 4w, ez, + W)

lzh={lz|* 4. 4z 08

The positive hyper octant R,_n is the set R" ={X:!Xe R" , Xi20,i=1, . ., n}. For Kk ¢ R+n we

Set ikl =k, + ... + k, and for m « Pm!=m!..m,!

Forany p ¢ I, p will stand for the n-tuple (p,..,p). Also forzeC" | ke Rll, we  shall



. |erivatives of an entire |
orders and types ol the ¢ |

On the maximum terms .
. variables.
function in several complex variabl )
. N k 0 wen it 7, — O),
write z% — 75“ . 7n“ ( 7 1 even il z ) |
{

For any x. y « R" | we say that
() x<yviffx, <v i =1, ....,n
() X < yviffx << ybutx =y
) X <<yiffx, <y,i= 1.0

. Ky .
For an entire function f with domain C f( ) will denote the function

Kk
i ! kel
s e 17
k1 kn
oz ° =5 oZ
We write for any non-empty complete n-circular domain D [for deﬁmtlon vide 1 § 3.3 ] with
centre at 6:(0,.. .,O)inCn. |D|={r:|z|{=r, ZGD}
and D* = {r:rc |D|,nor;, =0}
n n

Foranyr = (r,, ...,1,)eR" wewriter = Il

1=1

2. Let F be the family of all entire functions in C" represented by a multiple power series of

the form
o0
(2.1) f(z)= 2 a, z"
mj = o

Forf. g e F we define Hadamard product f « g by

(o]

(2.2) (fag)(z) =2 a, b, z"  where

[mj —o

(o]
(2.3) g(z) =2 b,, z
'm| o

we see

(09)

K ‘ s
249 Wy s (11 1/ ' m,—j )} ] 4, z0
Iml =o]i=1 j=0
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Evidently 1+ 2 belongs to F.

. § . . . . ) n
Corresponding to any te F we define the maximum modulus M (r, f) on R, by M (r,f) —

max | £(z) | . Throughout this section M (rok) and M*(r, k) will respectively  denote
' 21 i ::r‘
the maximum modulus of the functions ( f « 2) (k) and f ( k ‘g (k) on |z | —r.

Evidently M ( r, 6 ) = M*(r, 6 ) forany r e R:. We also sce that

(235) M(r.k)gk!ﬂ&) for6<r<<RandkeI“.
(R—r)x

Theorem I. Forf, g ¢ F, as defined by (2.1 )and ( 2.3)

K'REM (r k) _ (k!)® REM (R, O)

(2.6) M*(r. k) < R—r ) = (R=r )" (R=R

where O <r<< R<«<< Randkelr
Proof. We have

Ik

___@h{zk(f(z)*g(z))k} o () ()

821 3Zn

Then, for any z such that | z, | = r,i — | ... n by Cauchy’s Integral Formula

'k
k! S e » g ®) )dr. dt
(277, i)nc (l—Z )k-H

where C - C, 7 ... x C,, C, |t~z | =R, 1,1 l. ... n.

Therefore

0

(e ® (2

M# (5 k) < K!REM (1 k)
( R r )l(

The other part immediately follows from (25 )
3. Now corresponding to f ¢ F, we define the function maximum g, (1)

and central indices vi(ryof p (r) j I, ..., n onR"Dby
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pe (1) = Max{|a, |}
me I
o I I'I}
v (1) = Max{m: [a,|™ = @ ()
We sh
We call v = (» vy ) as the rank of the m aximum term  pu( ). all thyo, tho,
s “tre Py ) ¢ ¢

k)
” and
denote by x(r. k) and p* (1, k ) the maximum terms of (f*g)(z))

y (k)
f“‘)( z)*g (z). Then -
n ]\'—l . m-—k
(31) J K ) = max| [T {H (mr l)} | ambm | T
meI'Li=1Y=0
and
n k-1 . -
3.2) p¥(r, k) = max | IT {H (m;—) )2} | anby, | T
mel* | 1=1=
Also let

ijvj(l',k)and Vj*=VJ*(r’k) i——'—“l,--',n

be the central indices of u (1, k ) and p* (1, k ) respectively and

v=v(T,K) = (v, -, v )and v*=p* (1,k) = (%, .. , v, % ) be their respectiye
ranks.
In this section we obtain a few relations between p*(r, k) and u(r,k) which give us mor

information about the class of entire functions defined by (2.1). For any f ¢ F, let D, be the

set of discontinuities of y in | Cn | where v=(v;"--, v,) is the rank of i (1), Also let S denote

the set of all r e | C2 | at which 1 () is attained by more than one term of the series

]
(3.3) 2 agm
[mij =o

[ 3, J. Gopal Krishna ] had shown that D, and S are identical.

Hence forre | C* | —D,, 1, (r) is attained by only one

tion of that term is y=( v,, ..., Vo).

Theoram 2. Forre|C" | —D,UDY and k ¢ I

term of the series (3.3) and the pos- |

He

Th
Th

an
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n ki1 . *(r,k) ok '
i o ')} < 0 (,,’, < 11 {1[ (1w i
34) i‘l,-:l {J 0 B IT(RY B EY ! J)f

l“ 1 N .\! . ‘ 1 n .
where Dl and DT denote the sct of discontinuitics of v and y¥ in | C. |, vand s arc he

ranks of p(r.k) and p¥(r.k)
Proof. From (3.1)

. L)~ p*(r.k

(3.5) }((l.‘\), -—n———T\:_::lw,,
. Hl {H (Vi g~ J)}
1= =

Also from (3.2)

v—k

n k;—1
6o wen > n{d (it 1a,b,

1==14=0 Fl

=p(r.k) IHY {%_ l(Vi ‘j)}-

1=1Y

Hence the the theorem follows from (3.5) and (3.6).
Theorem 3. If » (r,k) and v (r,k+1) be the ranks of p(r.k) and p(r,k41).
Then

n —
vi(r,k)— Kk, < “_____*(r'k_!_ l)
67 gl{ﬁJ ‘}<pmm

1

. |
< I {Vi(r’k‘i‘i)_ki
i~ 1 f

1

for re| C»| —D,UD,, k ¢ I", where D, and D, are the set of discontinuities of , (r,k)
and y(rk+1)in | Cr .

Proof. From (3.1), we have

n
[L(T,kﬂ—'T) = H] [Vl(rak'i_—]i) tery {Vl(r,k“l‘i)mki} ]
1:==

- v(rk4+1)—k—1
e DOk !
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Therefore, |
Inl {1', (r,k4-1) k'}
[
/l(l".l\ | ]) <~ fl(r.‘\) ./,—/';’"”‘/
I
i1
1. ¢.
3¥) Y N )
fERAT e L kn=k
/l(l'.k) i1 \
Again
n ‘ }A
W(rk 0> [y k) e v (r,k)—Ki J/J
i1 |
k-
| a(r k)b, (rs k) | r‘ (k)= 1
3.9
y(r,k) — K l (k)
1__1 1 ar
(3.8) together with (3.9) proves (3.7)
Corollaries.

n n
) v (rn0)< My <
1=1 i—1

wrl) o pr2)
) /,L(r O) /J-(I',T) < .

3) Putting k=0, ... p-1 successively in (3.7) and from above we gt

furmy |
li(_li[)l_ < 11 V) (f,};)

n
11 v, (1,0) <
' ) |(r,0) | P

1=1

If we do not delete the set of discontinuities of v and v*, the above theorems ake he

following forms whose proofs follows in the same line as those of the above
¢ 0

w
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Theoram 2' Foranyre|C'|, keI

n k-1 ) n k, |1
i {17 (i) < R gy {n' (v.*j)}
i*l i:‘O “’(l’ i:l j:O

where p=(py, .p,) is a position of occurrence of p(r,k) and v¥(r,k)=(n*, . w,*) is thc rank
of ,u*(r,k).

Theorem 3" If q=(q;, ,g,) is a position of occurrence of p(r,k) and ve=(v,...r,) is
the rank of w(r,k+T), then, for any re | Cr |

n —
_ p(r.k+1)
ilzl{ql(r,k) ki}< #—(r,k) wr
n
g_ II {V&l‘,kﬁ—i)-—k,}

i=
4. In this section we shall consider Gol’dberg order and Gol’dberg type of an entire function
in C=. Let D ¢ C» be an arbitrary bounded complete n-circular domain with centre at the
origin of coordinates. Then for the entire function f, we define

Mf D(r):sup[f(z)l,r(>0)e R, where the point ze D, iff the point

Ze D,
Zl Zn .
— ,eee...;, — ) € D. The Gol’dberg order D and Gol’dberg type o (briefly G-order and
r r
G-type ) of f w.r.t the domain D are defined by the formulas [1, Fuks P. 339]
| log log Mf’ p(r) log Mg p(1)
PD = lim gup Jog r op = lim sup r[)
I— o r—- oo

It turns out that the G-order pp does not depend on the choice of the

domain D while the G-type oy does [1, P.339]. It is also known |1, P.339] thas for the

entire function f

| m | logi m|
-log | a, |

and

(41)  Pp=P=lim sup

[ m || —>o0
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|
I Im ||

4.2) (CPOD\I/p:lim sup{:; m | I (lagl dm(D)) |

Im = s
where d (D ‘m, , m |

m (D) = sup {]zl| ez

ze D

Theorem 4 If fis an entire function with G—order p (O < p < & ), then f(k) ” ]“) |

is also of G-order p. Moreover, for a bounded complete n-circular domain D, the enti, |

function f and f (k) have he same G-typc o

Proof. Letf(z) = og‘ a_ 2™ be of G-order (O <p < ) Then,from 2.4) |
yml =o 1
n k-1 ’
g 3 n | (m, — j)} Ja 2™
nmn—oizlljzo |

n k;—1
—log[ |a_ | 1T {17 (mi—n}]

Now lim inf = =0
[m | — o | m i log || m |
n k;—1
log IT I i
. —loglaml Og 1:]. {J:O (ml J)}
= lim inf [ — —
Ilm| — o | m|log|m | m log m
—log | a | 1
= lim inf - — = _by(41)
Im |- Imilogmyj P

Again : T 1/p n k-1 e ]
im sup m || | a d_ (D H i | m |
. m | 945 (D) (JH_ (m,J,)}

1
—_—limsup[‘,]mul/p[lam Idm (D)]Hmu ]

[m[ —*

which proves the Theorem,
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Remark. In asimilar way we can prove the following :

Forf,ge F, if f * gis of G-order p (O < p < ) and G-type 7p corresponping to a

bounded complete n-circular domain D then A g(k is also of G-order p and G-type H

Theroem 5. Let f, g € F be of G-osders p, and p, respectively, then f* g ¢ F and satisfy
1/p > 1/p, + 1/p, where p is the G-order of f * g, |

Proof. That f * g ¢ F is evident. Now,

Lo —log | im bm_
1/p = lim mfﬂmil—m‘“
(4.3) > 1fpy + 1/p, by (41)

Corollary. Iff, g ¢ F be of G-orders p, and p, respectively then f(k) * g(k) e F and be of
G-order p satisfying (4.3)

5. Let f be an entire function and M (r) be its maximum modulus. Let B; denote the set

(may be empty) of all points a € Rl such that
al ah
logM(@) <ry ...+ 1, for |r)—.

The boundary B, of the set B; is called the order of fa. d any point pe B, is called an
order point. We say that f is of finite or infinite order according as B, is non empty or empty.
Evidently, for any p € gB;, p>> O. An order point p is said to be positive if p >>0O.

Next, let p e gB; (p >> O ) and T; = T, (p) denote the set ( may be emyty ) of all points

n Pl Pn
Be R_.L such thatlog M (r) < B, r;” + ...+ Bary for lIr|—q.

The boundary T, of the set T, is called the type of f corresponding to the order point p.

A point o € T, is called a type point of f. A type point ¢ is called positive if ¢ >> O.
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We say that fis of finite or infinite type according as T, is non-empty or empty,

r(k) (ke " ) have the same set of positiye org

Theorem 6. The entire functions fand
&

points. Morcover for a positive order point they have the same set of positive type POings

Proof. Let f be asin (2.1) and let p be an order point of f. It is known [ P. 137 ROnkin
]

that p ( > O ) is an order point of fifl

n]l ITII
1 ... —-logm
- | Y ogmy l o og m,
(S.1) lim sup =1
m || = —log | a, |
Now, m, m,
e logml + 004+ — ]ogmn
lim sup Pn
Im | — no (=l
© —log[ I (U (mi—'j))|am|]
i=l \j=o

log [ 17 ( !
—ogl I (m—j a
=1/ lim inf i=1\j=o ))' n !

M — o, m .
‘—logm1+._._+mnlo m :

P1 PR i

:1/ lim inf —log | a, | &
Im| -, m, = 1 3

n logm, + ... + 1:)111 log m, by (5.1) :

iff YPe point of f for a positive order poill |
5

. n |

(5.2) | lim sup {] a, | J1 m; m, | L k
Tm | — ) T — ”'}Hmn =1 -
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Now,
n n I | ‘ :
Cp— —_—
imsup [ |a, |7 (M _ M™in g ,[// (m, j)!_ [ 1 m
| m | —o0 i—1 Cop i--1 Li:O j
n m,/p! l
1/ —
(5.2) = limsup|[|a,| IT _Tﬂl'_) | Eml —1 by
| M || —>o00 i=l Corpm

Hence o is a type point of £ k) for the order point p. Reversing we get conversc part.
This completes the proof.

Theorem 7. If f, ge F then f* gand f(*) « g(*) (k e I" ) have the same set of positive

order points. Further, for a positive order point they have the same set of positive type

point.
Proof. The proof is exactly similar to that of Theorem 6.

Remark. We observe that while our order points and type points are subsets in R T the

G-order and G-type of an entire function are simply non-negative real numbers,
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