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ON REGULAR RINGS

J. GHOSH

1. Regular rings were first introduced by J. V. Neumann and were subsequently studied by
many prominent mathematicians. In this paper we have studied some properties of regular
rings. Among other things we have proved that a regular ring is primitive iff it is prime,
Further we have studied the nature of subdirectly irreducible regular rings

2. Here rings are all associative. Unless otherwise stated by an ideal we mean a both sided
ideal. Let R be a ring and M be a right R-module. we shall say M is faithful if Mr = (O),

re R impliest = O.

Let R be a ring and M be a right R-module. If MR = (O) and if the only submodules
of M are (O) and M, then M is called irreducible.

A ring will be called right primitive, if it has a faithful irreducible right R-module.

A ring R will be called prime, if for any to both sided ideals I and J, 1J = ( O ) implies
either I = (O) or J = (O).

A ring R ( not necessarily with 1) will be called regular if for every a in R, axa = a is
solvable in R.

A ring R is said to be subdirectly irreducible if the intersection of all its non-null both
sided ideals is different from the zero ideal.

An element a in a ring R is said to be right quasi-regular if there isana’ ¢ R such that
a{a'+4-aa’ = O.

We say that a right ideal <f R is right quasiregular if each of its elements is right
quasiregular.

The radical of R written as J (R) is the set of all elements of R which annihilate all the

irreducible R-modules.
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If J(R) — (O) then R is called semisimple, It can be proved J (R) is a right q"asiregu]
dp |

1deal.

Proposition 1. Any regular ring R is semisimple.

Proof : Let R be a regular ring and a « J (R). Now R being regular, g x ¢ R Such thy,
axa=a. Putax —e Thuse? —e. AlsoeelJ(R)= —eceJ(R) AsJ(R) is , right
quasiregular ideal, there exist f ¢ J (R), such that —e4f—ef =O0O=>e =f —ef =5 ¢ _ o
= ef —ef = O, Thena = ca = O. Thus R is semisimple.

Theorem 1. Any subdirectly irreducible regular ring is primitive.

Proof : Let R be a subdirectly irreducible regular ring. As R is regular, it is semisimple
Then N A (M) = (O), where M runs over all irreducible R-modules and A(M) denotes its
annihilator. It can be easily verified A (M) is a both sided ideal.

As R is subdirectly irreducible, the intersection of all its nonnull ideal is not a zer, |
ideal. Hence there exists A (M, ) in R with A (M; ) = (O) where M, is an irreducibe

R-module.
Thus R is primitive.
Corollary : Any subdircetly irreducible regular ring is prime.

Proof : It follows immediately from the theorem proved above, as every primitive rlng is

prime.

Converse is also true, and we give it in the following theorem.

Theorem 2. Any prime regular ring is subdirectly irreducible.
Proof : Let R be a prime regular ring. Let X denote the set of all non-null ideals in R
Consider the power set P (X). P(X) is a poset w.r.t usual set inclusion relation.
We define a property P on P (X) as follows :
An element A ¢ P (X) is said to have property P iff
N{I, I A} ()

Evidently the minimal elements of P (X) have the property P as they are of the form {Ih
where I is a non-null ideal of R, Suppose the property P holds for every element,Z < y and
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Z + Y in P (X). We shall prove that Y also has the property P. Let Z’ denote the complement
of Zin Y. ThenZ" < YandZ' # Y in P (X).

By induction hypothesis N { I*, I* eZ} +# (0),

Denote it by S,.
And N {P_. P e Z'} #(0) Denote it by S,.
Then N { T, T,‘EY} =S, NS, M

Now S, # (0), S, # (O) implies S, N S, # (O)
If possible, let S, N S, = (O).

LetpeS; N S, then by regularity p x p = p for some x in R. Now S, being both sided
idealxpeS, = p=p (xp)eS,S,, thatisS, N S, CS,S,
Also S,S, CS; N S,. Thus S, N S, =S;S,.

Now R being prime, S;S, = (0)=> S; = (O )or S, = (O) contradiction shows that
S, N S, # (0).

Then from (1) we get Y has the property P. By induction every element of P (X) has
property P.

As y € P (x), x has the property P.

The intersection of all non-null ideals of R is not a zero ideal. Therefore R is subdirectly

irreducible.

Combining Theorem 1 and Theorem 2 we have

Corollary : Any prime regular ring is primitive.

This answers a problem posed by I. Kaplansky [7].

3. A ring in which every both sided principal ideal is generated by a central idempotent, is

called a biregular ring.
ctly irreducible biregular ring.

Theorem 3. Any simple ring with 1, is 2 subdire
e ring R. So R is subdirectly irreducible.

Proof : The only both sided non-null ideal is th
Evidently R is biregular.
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: o 4 aimple rin with 1.
Theorem 4 AW ;“]‘j”-k\fil\' iqrpdncihlp h||(‘g|||l|l ring 18 a sy 2

‘\i“".!"'”r 'ill,: ” P”ﬂ“ihlc lCt R hC not an‘]r,lcv

Proaf + Let R be a subd rectly prreducible
as RIS subdireetly irreducible,

taa P Al (0)) . Then P (O)

~ ~

\ . o e simple
Now P o R, for otherwise P Romphes R is simy

Thus Pava minimal ideal R,

) . [
AP - (O). there exstyan clement a e Pla/ 0> C p. As P is minimalp
> (¢), wheree i a central idempotent. et (¢)* denote the
annihilator of (¢) Now ¢ ¢ (¢)* = (c)* # R.If Bisan idcal properly containing (&)
O in the centre of R with fe B, f¢ ()"

(a). As R hiregular, |

there exists an idempotent {7
But (¢) C (). So(¢) € B. Thus (¢) + (¢)* € B and so by Pierce decomposition B
R and (¢)* is maximal and hence (¢)* # (0).
Now P being intersection of all non-null ideals () C@©* = ¢ = O. We arrive at ;3
contradiction. Thus R is simple.
Now as the centre is not a zero ring it is a field [2], and hence the centre contains a
idenuty 1.
Thus 1 « centre R C R.
We shall now prove that 1 is the identity of the whole ring R.
et @ e R. Then (a) — (¢) for some central idempotent e. Thus ac—a.
., a) — ael =ae =2
|15 the identity of R,
Thus R s a simple ring with 1,

4. A rning R s sai . s
g ¢ caid 1o be strongly regular if for each element a ¢ R, there exists an \ ¢ R

aith asx a
It cai be prove at clran ) ; . )
i proved that strong regularity imphes regularity and biregularity

Proposition 5 An " '
pot : y skew field 1s a subdirectly | '
! ctly irreducible str i
y trreducible strongly regular ring.

Prool 1 obvious.

Converse is also true,
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Proposition 6. Any subdirectly irreducible strongly regular ring is a skew ficld

Proof : Let R be any subdirectly irreducible strongly regular ring
Then by Theorem 4, R is a simple ring with 1. Now as R is strongly regular, cvery idempo

tent is central, and as R is simple its centre is a field. Thus R contains only two idempotents

vizOand 1. Let O +aeR. ThengxeR|axa=a= ax is an idempotent a # O

 ax # O thusax = 1. Thus R is a skew field.
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