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ON SOME CONGRUENCES IN SEMIRING

UtraL Dascupta AND P. MUKHOPADHYAY

ABSTRACT : The concept of p-ideals in a semiring R was first introduced by Mukhopadhyay and Ghosh
[4,5] and subsequently various characteristic features of a p-ideal in different classes of semirings were
obtained in [4], [5], [6]. In the present paper, a congruence p; induced by an ideal / of R is provided
and certain basic results corresponding to this concept including the nature of the congruence when
[ is a p-ideal in particular, are established. In the last section, yet another congruence, Bourne p-
congruence, compatible with the concept of p-ideals in a semiring is established and studied at length.

Key words : Congruence, Inversive semiring, k-ideal, full ideal, p-ideal. p-semifield.
20060 AMS Subject Classification : 16Y60

1. INTRODUCTION AND PRELIMINARIES

A semiring is a non-empty set S together with two binary operations, called “addition”, +,
and “multiplication” (usually denoted by juxtaposition), such that S is multiplicatively a
semigroup and additively a commutative semigroup and the multiplication is distributed accross
the addition both from the left and from the right. a semiring is said tc be commutative if
it is multiplicatively commutative. An additively cancellative semiring is called a halfring. An
inversive semiring [7] S is a semiring in which (S, +) is an inverse semigroup, i.e., for each
a € § there is a unique element @ € Ssuchthata + @ +a=aandd +a+d =d.
It is well known [3] that, in an inversive semiring S, we have (ab) = d'b = ab’ and (a +
by =a' + b’. E*(S) denotes the set of all additive idempotents of S. If an ideal of the semiring
contains E*(S) then it is called a full ideal. A semiring S ia said to have an identity, if there
exists I, € S such that, 1x = sl =xlor each x € S. The zero e.lement of S, denoted by
0, is called an absorbing zero if a0 = 0g = C for all @ € S. A k-ideal [2] I of a semiring
8 is an ideal of S such that, if a€ I x€ Sand a + x € I then x &€ L A congruence p
on § is an equivalence relation on S such that @ p b in S implies (@ + ¢) p (b + ¢), ac p
be and cq p ch hold for all @ b, ¢ € &. The congruence class of an .elemen‘t a € S under
P is denoted by ap. The quotient semiring {ap : a € S}‘ of.Sj unde.r p is defined usually ar?d
is denoted by S/p. It is interesting to point out .that, unlike rings, u.ieals and congruences, in
general, do not correspond bijectively in semirings. Throughout this paper N represents the

S¢t of natural numbers.
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Mukhopadhyay and Ghosh [4] introduced the idea of p-ideals in semirings. We recal|

the following definitions and results that will be useful in the sequel.

Definition 1.1. [4,5] An ideal 7 of a semiring S is called a p-ideal if for some x @ § 5 ¢

N,
nx +a=(n+ 1)x and a € [ implies x € 1.
In particular, if S is inversive, then the definition boils down to the following:
ifforsome xe S a+x=2x, ae Ithenxe L

Observe that all p-ideals are not k-ideals, as the ideai / = 3Z; \{3} is not a k-ideal,

in the halfring Z; of all positive integers with zero but it is a p-ideal, as all ideals of a halfring
are p-ideals. We also note that k-ideals are not p-ideals in general. Indeed, in the semiring
(Z*, max, min), I, = {1, 2, 3, ..., n} is a k-ideal for any n € Z" but not a p-ideal. It is interesting
to see that in an inversive semiring S, E(S) is a p-ideal. In fact, any full ideal of an inversive
semiring is a p-ideal.

Following result was proved in [4, 5].

Proposition 1.2. In an inversive semiring S an ideal I is a p-ideal if and only if I = I +

E*(S).

In search of the smallest p-ideal containing a given ideal of a semiring the following
definition was given in [4].

Definition 1.3. For any subsemiring R of a semiring S, we define,

R = {¥% Sla + nx =+ x, for some n € N, a € R}.
Proposition 1.4. [4] For any two ideals I, J of a semiring S we see that, I isa p-ideal of

Ssuchthat | = J; 1c [ ifIcJthen | ¢ J; indeed I is the smallest p-ideal of S
containing 1.

Note that in case of an inversive semiring S, for an ideal I of S,

f={xe Sla + x = 2x for some a € I}.

This leads us to the following result immediately:

Corollary 1.5. [4, 5] In an inversive semiring S, we have | = I + E*(S), for any
ideal I.
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2. CONGRUENCE INDUCED BY A p-IDEAL

In keeping with the spirit of the concept of p-ideals in a semiring, let us now introduce
the concept of a new kind of congruence induced by an ideal in a semiring S with absorbing

zero.

Definition 2.1. Let / be an ideal in a semiring S. We define a relation p; on S, induced by
I as follows: for a, b € §,

aph & na+x+b =@+ 1la

mb+y+a=(m+ 1)b,

for some x, y € I and m, n € N.
Proposition 2.2. p, (as defined above) is a congruence on S.

Proof. We first show that p, is an equivalence relation on S. Since S has an absorbing zero,
it follows that p, is reflexive; whereas symmetry of p, is obvious from its definition. Towards
transitivity, let ap,b. b p,c for some a, b, ¢ € S. From the definition of p, we have,

(1) na+x+b=(@m+ 1)a and

2 mb+y+a=(m+ 1)b, forsomex, ye I, m n € N and

B) rb+z+c=(@+1)b and

4 sc+t+w+b=(s+1), forsomez we I,rse N

Now, from (1) we have,
Q+rma+(Q+rx+(1+rb=(+r)n+ la

ie. Q+rma+(l+rx+rb+z+c=A+r)n+ l)a [by (3)]

ie. ma+tna+x+rx+rb+z+c=(+r)(n+ Da

iee Mna+x+b)+tma+xt+tzrtc=m+n+r+ la

ie. Mip+ Datnma+tx+z+rec=(m+n+r+ 1 [by (1)]

iec. r+r+mat+t(x+z)tc=@+n+r+ 1

ie. ka+(x +2)tc=(k+ 1),

where x + ze Iand k =nr + n +re N

Again, we have, from (4),
m+Dsc+m+Dw+@m+1Db=m+ 1)s + 1)
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ie. msc+sc+mw+w+mb+y+a=(ms+s+tm+ l) [by (2)]
ie. msc+w+dh+sc+t+wt+ty+ta=ms+s+mt+ 1)e

& M ¥l Fsc+rwry+a=(mt+s+mH I)e [by (4)]
e. e+ w+y)+a=({+ 1),

where w + ye Tand t=ms + s + me N.

Consequently, we have a p,c ie., p, is a transitive relation and hence an equivalence
relation on S. We now show that, actually p, is a congruence relation on S. Let, for some
a b c de S ap,b and cp,d hold. Then we have,

(3) mat+x+b=m+ 1a and

6) mb+y+a=(m+ 1)b, forsomex, ye I m ne€ N and

{4} sc+tw+d=(s+ 1), and

B) d+z+c=(@+1)d, forsomew ze I's, te N.

It is easy to see that,
Ka+c)+(x+w)+ (b +d=(k+i)a+ o),

where x + w € [ and k = max(n, s) € N, and also,
Hb+d)+@+y)+(a+c)=(+1)b + d),

where y + z € 7 and r = max(m, 1) € NI, which together imply that, (¢ + c)pfb +
d) hold.

We further see that, for some ¢ € S, we have from (5) and (6) that,
nac + xc + bc = (n + l)ac and

mbec + yc + ac = (m + 1)bc,

where xc, yc € [ as [ is an ideal, showing that, (ac)p (bc) holds. In a similar manner,
it can be also shown that, (ca)p(cb) holds, whence P; is a congruence on S.

Remark. It is interesting to note that, when 7 is a p-

ideal, elements of I are p, related
only to elements of / i.e., b € I with ap,

b implies that ¢ € [ Indeed, from na + x +
b=(n+ 1)a, for some x € 7 and n € N [as in (5)], with b e 7 we have, (x + b) €
1, whence, as I is a p-ideal we get, a € I So we see that P, saturates the p-ideal 7. However,
we point out that, for any two elements a b e I itis not mandetory that ap,b holds;
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.1.a] [ is being actually partitioned i fatat
¢, 8 p_;deal & AT ned into disjoint p, classes. Indeed, we have the
folluwingl

vas 4 ~onsti N y ; N .
I,mposltmn 2.3. I constituies a p,; class if and only if I is a subring of S

proof. Let I be a subring of S, and let a, b € I be any two elements of I. Then choosing
g ol pe land y = b —a € [ it can be easily seen that the conditions (5) and (6) of
proposition 2.2 are automatically satisfied, for any m, n € N whence ap b holds, showing

thereby that, / is a single p, class.

Conversely, let 7 be a p, class, i.e., for all @ b e I ap holds. Since I'is an ideal of
g we have 0 € I, which indicates, ap,0 must hold good; whence for any a € I we get that
there exists some ) € I such that @ + y = 0, showing that / is a subring of S.

proposition 2.4. For any ideal  of a semiring S, S/ = S/ .
Proof. Since / c;f, apb = aPib for any @, b € S.

Conversely, let apP;b hold for some a, b € S. Then,
o tx 6 -1{n "7 a apd
2 mb+y+a=(m+ 1)b
for some x, y € ] and m, n € N. Now, since X, ¥ € 1, we have that
@) ke +ip = (k+ 1 and
@ y+ip=0+1y
for some i, + i, € I and k ] € N. Then from (3), we have that,
kx + i + (k+ Db + nk + Da = (k+ Dok + Db + n(k + a
Le. k(na+x+b)+na+il+b=(k+ 1)(na + x + b)
ie. k(n + 1)a + na + iy ¥ b=(k+ 1)n+ la [from (1)]
i€ pori +h(pt Ba ()
where p = kn + k + n € N.
Now from (4), we have that,
by + iy + (I + Da+ ml+ Dp=+1y+d+ a + m(l + 1)b

i'e-,l(mb+y+a)+mb+l'z'f'a”‘(l"'1)(”"b'*'.}’“*"7)
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ie, Im+ )b+ mb + iy +a=(+ 1)(m+ 1)b (from (2)]

ie, gb+ i, +a=(g+ )b ..(i)

where ¢ =Im + 1 + me N.
Hence from (i) and (ii), we conclude that ap holds.

Proposition 2.5. For any ideal / of a semiring S and for any ap, € P"(S/]) there exists i e
P"(S)suchﬂmb =a+ie PYS) and ap, = bp,
M‘Letap,-e P*(S/I). Then, for some n € N, nap, = (n+ 1)ap, Hence we have the following:

kna) + i+ (m+ Da=(k+ Dna, In+ l)a+l+na-(l+l)(n+l)a
’.fursonetleﬂandLJGISupposep max. {Ik}Then ' |

j+na = (p+ in + Da
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ition 2.7. For ay ideal 7 of a semiring S, P U”P, is a p-ideal of S, contained

rop()S
P aePt(9)

n 1
proof. For any, P, ¢ € P, da b P'(S) such that p € ap, and ¢ € bp, Then, p + q €
@+ b, and xpy € (xay)p, for any x, y € § and hence P is an ideal of S.

Let x € P be arbitrary. Then, 3b € P and m € N such that mx + b = (m + 1)x. Hence,
mxp, + bpy = (m + 1)xp, whence xp, € P*(5/1) (since P*(5/]) is a p-ideal of the semiring

g1 and bp, € P*(/D). Hence x € P. So, P is a p-ideal of 5. Now b e P = U“pf =3
aeP*(5)
3g € P*(S) such that b € ap, Thus, there exist k € N and j € / such that kb + j + a =

(k + 1)b. Thus b € P (since P is p-ideal of § and e e 3

Proposition 2.8. In an inversive semiring S, the p, classes of a full k-ideal I, and hence D,
classes of a p-ideal I which is also a k-ideal, are precisely the idempotents of S/p;.

Proof. We recall that in an inversive semiring S, any full ideal is a p-ideal Let I be a full
k-ideal in S. We show that,

E*(Sh) = Ip,

Indeed, let ap, € E*(S/p)), for some a € S, so that, ap2a gives 3a + x = 2a and 3a + y
= 4g for some x, y € I where the second relation gives a + y = 2a on addition of adequate
number of @ in both sides, giving that, a € I i.e.,, ap; € I/p; so that,

E*(Sh)) < Ip,.

Conversely, we assume ap; € 1/p, so that, @ € [ which is a full k-ideal of S. Then ap,2a holds;
indeed, / being a full k-ideal we have a’ € I'so that, a + @ + 2a =2a and 2a + a + a
= 4q establishes our claim; hence ap, € E'(Sp)) ie,

Ip, c E*(SH):

Hence the result follows.

3. BOURNE p-CONGRUENCE

ll)eﬁnition 3.1. Let I be an ideal in a semiring S. We define a relation p, on S, induced by
3 follows: for a, b € S,
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apb & na + x, +b =+ la 4 X,
mb + y +a=(m+ 1)b Vs

for some Xjs X5, Vs V€ Tand m, n € N.

Remark 3.2. For any ideal / of a semiring S, if =, denotes the Bourne relation [1] on S, then
=;C P, Indeed, let for any a, b € S, a =,b. Then, 3i, j € Isuch that a + i = b + j and
so by adding @ and & separately to both the sides, we get, a + j + b = 2a + i and b + ;

+a = 2b + j whence ap;b holds.
Proposition 3.3. p ; (as defined above) is a congruence on S.

Proof. We first show that p ; IS an equivalence relation on S. Since S has an absorbing zero,
it follows that, p, is reflexive; whereas symmetry of p,is obvious from its definition. Towards
transitivity, let ap, b, b p,c for some a, b, ¢ € S. From the definition of p; we have,

(D na+xl+b=(n+1)a+x2, and
(2 mb+y +a=@m+ b+ ¥,  for some x|, x,, y;, y,€ I; m n € N and
3) rb+zl+c=(r+])b+22, and
(4) sc +w, b= F et Wy, for some 2y, 2y W, wo€ Ly, s € N.
Now from (1) we have that,

F+ Dna ¥+ I, + 00+ Db+z,=0+1)n+Da+ @+ Dx, + z,
ie, P+ Dna+ (r+1Dx +rb+ gtec=r+1n+ DaF@rs Dx, + z, [from 3]
e, na +rina+x +bh)+z +tx;tc=@F+Dn+a+(r+ Dx, + 2z,
ie, na t+rl(n+ Da+x]+x +z +c=@+1)nm+a+ (r+ )x, +z, [from 1]
ie, m+n+tratfm+x +z]l+tc=@m+n+r+ Da+][@r+ Dx, + 2]
ie., pa + iy T essn ¥ Da + j, L)
where p=m +n+re Nandi, sm, +x +2z,i=@¢+1)x +2¢l
Again, from (4) we have that,

m+ Dsc+(@m+ Yw +(m+ Db +y,=(m+1)s+ e+ (m+Dw, *)

= i.e., (m : l)SC + (m+ l)wl +mb -} yl + a= (m -+ 1)(S + l)c -+ (”z + 1)W2 + y2 [fl'om 2]
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(m + l)sc *+ (m Dw, + mb +y, +a=(m+1) s+ 1)c + (m+ Dw, + ¥,

Lo, 3¢ ¥ msc + wy +b)+w +y +ta=m+ 1Ws + De + (m + Dwy + v,
is, 5S¢t ml(s+ Det+wy] +w +y ta=(mH s+ D+ (m+ 1)yw, + ¥y, [from 4]
ie, (ms + m+s)+ [mw, + w, + y ] ta=(ms + m+ 5 )e +

[((m + Dw, + Vzl
e, e tjyta=(@* e+ j, e P)

where g = ms + m + § € N and j, = mwy, + w; + y, I = (m+ ywy, + ), € I

Clearly (@) and (B) together imply that apc holds i.e., the relation p; is transitive. So,

p, is an equivalence relation. We now show that, actually p, is a congruence relation of S.

Let, for some a, b, ¢, de S apb and cpd hold. T hen we have,
3 na+x1+b=(n+1)a+x2, and
6 mb+y ta=(m+ )b + y,, for some x;, X,, ¥, ¥ € IEm ne N and
() sc+wytd=(st Dec+wy and
8 td+z +c =+ 1d+ 2y, for some w,, W,, 2|, Z; € Ls te N
It is easy to see that,
Ha+ o)+ G +w) + (b +d)=(k+1)a+o)+ @+ w),
where x, + w;, x, + w, € 1 and k = max(n, s) € N, and also,
Mb+d)+(y +z)+(@+e)=0+ 10 +d+ 0+ ),
where y, + z,, y, + 25 € I and r = max(m, {) € N, which together imply that,
(a + c)p (b + d) hold.
we further see that, for some ¢ € S, we have from (5) and (6) that,
nac + xjc + be = (n + Dac + xyc and
mbc + y,c + ac = (m + 1)bc + yxC,

= where X\C, X5€, Y€, Vo¢ € 1 as Iis an ideal, showing that, (ac)p(bc) holds. In a similar
%, it can be also shown that, (ca)p,(cb) holds, whence p, is a congruence on S.
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Proposition 3.4. For an ideal / of a semiring S, P = {a € S :ap; € P (5D} is a p-idey]
of S containing /. also, l = P,

Proof. Let @, b € P. Then 3n, m € N such that nap, = (n + 1)ap, and mbp, = (m + 1)hp,
whence k(a + b)p, = (k + 1)a + b)p, where k = max.{n, m}. thus a + b € P. For any

x€ S nap; = (n + Dap, = nxap, = (n + Dxap,, naxp; = (n + axp; = xa, ax € P. So,

P is an ideal of S.

Let x € S such that nx + a = (n + 1)x for some a € P and n € N. Then, nxp, + ap,
= (n + Dxp, = xp; € P"(SI) (since, PH(S/D) is a p-ideal of S// and ap e P (S/])) = x & .
P. So, P is a p-ideal of §.

Since, 0 € I,foranyieI,i+i+0=2i+0and0+i+i=0+2iwhichtogether

imply that, ip,0 holds for all i € I Hence, I < 0p,. Clearly, UaP ; € P; so, in particular
S acP*(S)
0p, < P. Consequently, / ¢ P. So, i c P = P (since, P is a p-ideal of §). Conversely, let x

€ P. Then, x + p = g for some p, g€ P Now, pe P = npp; = (n + 1)pp, for some
ne N=>kn+ lp+i+np=(+1)n+ 1)p+|jforsome i je ITand ke N =
(kn+k+n)p+i+(kn+k+n)i=(kn+k+n+1)p+i+(kn+k+n)i=>
(n+k+mp+H+i=(m+k+n+Dp+j)=>p+tje | 2pec . Similarly,
qef.Thus,x+p=q:>xef. |

Proposition 3.5. If 1 is a p-ideal of S, then S/7 = S/ with P*(S/]) = {Op}.

Proof. Since, / c I, it is immediate to write that ap b= ap 1-b for any, a, b € S. Conversely,
let a, b € S such that @p;b holds. Then,

(1) 'ma % 3, T h =i,

(2) mb+y ta=(m+1)b+y,
for some x,, x,, y, ¥, € J; m, n N. Moreover,
O xe [ =x +i, =1

4) x ¢ 7=>x2+z‘2=i'
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= l‘] 1 ,] Il.

© ne l=n*tih=i

for some il\' i/\ ) j,‘-

aa + (%)

J, € Kk=1,2), m ne N. Now, from (1), (3), (4) we have that,

ERythto=nt a* izt ) iy = 000 (if+i,) + b=(n+ Da+t (i5 + i)

b=(n+ a+i . (a), where i = b e boy f o Iy + Iy € L

Again, from (2), (5), (6) we have that,

mb+()’1+f1)+f2+a=(”’+1)b+()’2+i2)+i1=>mb+ (j;*'jz) il

m+ Db+ itidemb i ra=m+t Db +] . (B), where j = Jjy * ip T =

-

4

Exhe l

Thus, from (o) and (B), ap;b holds.

Now, from Proposition 3.3 I = P (since, I is a p-ideal). Consequently,

ap; e P*(S/1)} (Proposition 3.) = fae S:ap,e P(SD} =P c P =

I
I

- P.1It is easy to show that Op, is a k-ideal of S. Hence, P = I cOp,cP=P=0p
= P(SA) = {0p,}.

Proposition 3.6. If 7 is a maximal p-ideal of a commutative semiring S, such that [ # S,
then S/I is a p-semifield.

Proof. Since, / is a maximal p-ideal and [ # S, so I = 1 = 0p, and thus P*(S/1) = {0p}
= {I}. Let J be a p-ideal of S/I such that PHS/D) c J < S/. Let us write, J, = {a € §:
4 € Jy. Clearly, J, is p-ideal of S. Moreover, since {I} = P*(S/1) ¢ J, so I ¢ J;,. Then,

by the maximality of / as p-ideal, J;, = 5. So,

J = S/I. Hence, S/I is a p-semifield.
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