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Abstract

This work shows some refined necessary and sufficient conditions placed on the
subsets of variable exponent Lebesgue spaces to satisfy the axiom of weak compact-
ness. We also present some results in connection with conditions for all separable
variable exponent spaces to be weakly Banach-saks. That is, some results on the

Banach-Saks property in variable exponent spaces are given.
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1 Introduction

The extension of the Riesz-Kolmogorov theorem in classical LP-spaces (1 < p < oo) has
been recently done to the notion of variable exponent Lebesgue spaces LP)(Q) (where
the constant p is replaced with the variable p(-)) by Gorka and Macios [3], Gorka and
Bandaliyev [7] and Dong et al. [1]. Useful versions of the above mentioned theorem with
underlying measure spaces like Euclidean spaces, locally compact group or metric measure
spaces were authored by the aforementioned researchers. Over the past two decades, the
notion of variable exponent spaces are being used in several areas of harmonic analysis and
differential equations and applications (see [9], [3]). The notion of variable exponent spaces
belong to a generalized class of non-symmetric (rearrangement variant) Orlicz spaces (see
[10], [13]). In a paper ([L1]) by F. L. Hernandez, C. Ruiz and M. Sanchiz, weakly compact
sets are derived in a non-reflexive variable exponent spaces LP()(€2). The notion has been

widely studied for symmetric (rearrangement invariant) function spaces. For Orlicz spaces



L#(€2) with the Ay-condition, useful weak compactness criteria were given by Ando in [2].
In ([I1]), the extension of the And6 weak compactness characterization in Orlicz spaces
was carried out in variable exponent LP()(Q) setting and, also equi-integrable subsets in
the variable exponent spaces LP*)(€2) were studied by obtaining a De la Valleée Poussin type
theorem ([12]) in LP1)(2). They apply the De la Vallée classical result by obtaining the
criteria for when the inclusion between two variable exponent spaces LI0)(Q2) ¢ LPO)(Q)
are weakly compact or L-weakly compact operators meaning that the unit ball B;,) is
equi-integrable in LP() (). It also turns out, in their work, that closed exponent functions
p(+) and q(-), the inclusion L") (Q) C LPO)(Q) can be L-weakly compact. As an application,
the authors in ([11]) obtained the weak compactness criteria which are useful in the study
of the weak Banach-Saks property in LP()(Q) spaces (that is, every weakly convergent
sequence in LP1)(Q) contains a subsequence which is Cesaro convergent).

One of our goals in this paper is to redefine the modular function p,. () and also likely
introduce a new norm which is an inverse norm equivalent to the associated Luxemburg
type norm to the modular function. We also redefine the essential range of the exponent
function p(-) in terms of the e-ball. Also, equi-integrable subsets in LP()(Q) are studied
and, we provide equivalent statement for the De la Vallee Poussin type theorem ([5]) in
LPO(Q).

2 Preliminaries

Let (©,3, 1) be a finite separable non-atomic measurable space and L°(€2) be the space
of all real measurable functions. Given a p-measurable function p : Q@ — [1,00) or
p: 0 — R, the variable exponent Lebesgue space (or Nakano space), denoted by LP()(€2),

is the set of all measurable scalar function classes f € LY(2) such that the modular function

Pp() (f) is finite for some r > 0, where

wo(f) = f 1o

LPY(Q) = {f € L) : py(y (f) < oo forsome r > 0}
T
where the modular function can be redefined as

pp<-><£> :/Q o = |r|7P¢ /‘f

The associated Luxemburg type norm is defined as

T
I £ = int {r > 02 00 (L) <1}

r

p(t)
< o0

That is,

d,u < 00

The new norm equivalent to the above norm is given as

e A R O]




That is, [| - [[},)= W since || f ||,()# 0. Th variable exponent space LP()(Q) with the
o
norm || - ||}y, is Banach lattice.

Consider the following definitions.

Definition 2.1. Let p : @ — R, be an exponent function defined on §2. Then the

essential infimum and supremum are respectively given as
pt = essinf{p(t) ‘te Q} and p~ = esssup{p(t) ‘te Q}

Let pTA() and py, (+) denote the supremum and infimum of the function p(-) over a mea-
surable subset A C €. The topological dual of the space LPU)(Q) for p™ < oo, is the
variable exponent space LP ()(Q), where p*(-) is the conjugate function of p(-) such that

1 1
0 T PO
Definition 2.2. A variable exponent space LP)(Q) is separable if and only if the essential

= 1 almost everywhere t € .

supremum of p :  — R7 is finite. That is, p* < oo or similarly, if and only if LP() ()
contains no isomorphic copy of [*.

Throughout this work, we deal with the separable LP()(Q). LP()(Q) is reflexive if and only
if 1 < p~ < p* < oco. This is similar to LP()(Q) being uniformly convex. That is, a varibale
exponent space LP()(Q) is uniformly convex if and only if 1 < p~ < pT < co.

Recall that || - ||,y= 1 for p* < oo if and only if the modular p,.)(f) = 1. Also, every
sequence (&,) C LP0)(Q) satisfies the condition:

Tim || &, [ly) 0= if and only if  lim py(y(&,) =0
The essential range of the exponent function p is defined as

Ry() = {q ERT:V &> O,,u(p_l(|§ —q]) < 5) > O}

where u<p1(|§ —q|) < 5) > 0 can also be constructed as u(pl(BE(q))) > 0, and

B.(q) :== {5 HE—q| < 5}. Let By denotes the closed unit ball of LP()(€2). The essential

range, R, is a closed subset of R™ and R,y is compact if p(-) is essentially bounded. Both
the values p~ and p* are embedded in the essential range of p(-). For every ¢ € R, there
exists a suitable sequence of disjoint measurable subsets (Aj) such that the normalized
sequence, defined by

o XAy,
9k = ()1

() ™7

is equivalent to the canonical form of 9, where pu(Ag) # 0,

XAk(f): 0 if §¢Ak

Remark 2.3. Variable exponent spaces are a special class of Musielak-Orlicz spaces. An
Orlicz function ¢ : Rj — [0, 00] is a convex increasing function if ¢ (0) = 0, xli}rgh o(x) =
0 and lim o(x) = 0.

A function ¥ : Q x [0,00) — [0, 00] is a Musielak-Orlicz function if ¥(&,-) is an Orlicz
function V. &£ € Q and £ — (&, x) is measurable for all x > 0.
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Definition 2.4. Let ¥(¢,z) be a Musielak-Orlicz function. The Orlicz space LY(Q) is
defined as the set of all measurable scalar functions on €2 such that py ({) is finite for

some 7 > 0, where py(-) is the modular function defined by

polf) = [ (& 1701 )du(e) < o0

In some cases if U(¢, z) = P, then the Orlicz space LY is reduced to the variable exponent
space LPO)(Q) and, U(£,2) = p(x) V £ € Q, then we get the Orlicz space L?(1Q2).

Definition 2.5. Let X be a Banach function space and S C X (Q2) be a bounded subset
of X(€2). Then S is equi-integrable if

p(&)
du(€) = lim sup || fxa |x=0 provided X(Q)=LrY(Q)
n(A)—=0 fes

Ixa(§)

lim sup
w(A)—=0 fes JQ

In other way, in classical LP-spaces, equi-integrability has special role in the notion of
LP0)(Q) spaces which is defined as

lim sup

p
Fxal)] di= Jim sup || Fa =0 provided p(-) =
w(A)—=0 res JQ s

n(A)—=0 fe

Some of the important roles of equi-integrability of X(€2) can be found in Riesz-
Kolomogorov compactness type theorem in LP()(Q). Also, the boundedness of equi-integrable
subsets in L'(2) in some Orlicz spaces L?(Q) is found in the classical De la Vallée Poussin’s
result ([4]). The extension of this result to LP)(Q) spaces and the equivalent statement of

LP (§2) equi-integrability was done in [1 1] as presented as the first result in the next section.

3 Some Equivalent Results On Equi-Integrability

Proposition 3.1. Let LP)(Q) with p* < oo and S C LPV)(Q) bounded. Then S is equi-

integrable if and only if
p(t)

f)) du=0

lim sup /
r—r00 fGS |f|>x
In the next result, we present the equivalence of Proposition 3.1
Proposition 3.2. Let LP")(Q) be a variable exponent space with p* < co. Then a bounded
subset S C LPY)(Q) is uniformly integrable if and only if

p(€)
au(€) =0 orsup || [xa®) by < =

fxa(é)

lim sup
§00 feS JEEA

Proof. Let p* < oo and S be bounded and uniformly integrable. We show that

p(§)

fxa@) du(§) =0 — sup I fxa(€) llpy< &

lim sup
§—00 re5 JEEA

Since f € S is bounded, then let sup || fxa(&) |lp()< M < oo,
fes

Define the sets Af) = (supp(f))c = {t eQ:f(t)] > f}, where supp(f) = {§ eQ: f(&) # O}.
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Now, we show that lim sup p(AS) =

£—00 fes
Whence,

¢« 1
su A8) < su (su > < —su e ||, < =su ¢ .
fegu( p) Ssupp{supp(f)) < Sup X g Ml £ Sup X as o)

1
Sf}elgé(ﬂru( )) X as o) <

provided ¢ > 0 and a > 0.

3 (1 +,u(Q)> <e

On the other hand, let € > 0 then there exists { > 1 such that sup || fx ¢ [|p)< %. Then
fes P
1
for every measurable subset A with (,u(A)) "< 2—5 we have
sup || fXA ||p() = <HfXAﬂsupp + HfXAﬂsupp(f) )
fes p() p()
1
T
Sup ( ‘fXAﬂsupp + (M(A)> ! g)
fes p(°)
€L f_
-2 2
Thus, lim sup || fxa(€) llpe)= 0. -
E—o0 fes

Theorem 3.3. A bounded S C LPV)(Q) is equi-integrable if and only if there ewists an
Orlicz function with liIglJr ©(0) =0 for p* < oo such that
T—

sup || p(f)(€) [lpr< e
fes

Proof. Assume that S is equi-integrable. Consider a convex increasing function (§,) such
that, for &, > 2§, forn=2,3,---

<L
ey~ (n—=1)

sup ‘
fes
Defining a function ¢(§) by

SO =S (E—6r), for €20

n=2

Moreover, 511161+ (&) = 0. For the interval [§,—1,&,), we have the partial sum
—

()0(5) = Z(é - fafl) = né Z fafl > n£ - 2£n71
a=2

a=2

Hence, for all € > 0 there exists N(g) > 0 such that

o'} 00 1 71_2
< _ A< —_— = —
” 90<f) ”P()— nZ::Q H fX En—1>>&n—1 Hp()— nz:; (n _ 1)2 6

2
Therefore, sup || ¢(f) ||lp() < supﬂ— <e.
fes 6

Conversely, given ¢ > 0, we assume that sup || ¢(f) ||p)< € by hypothesis. We show that
fes
the bounded f € S is equi-integrable. For every £ > &, we have £ < ep(§). Then we have

o(f)

Hence the proof. O

e(fIXIf1>en

HfX|f|>§s—1 ) S €

< esup
) fes

p(: p(: p(+)
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Definition 3.4. Let p,q : Q@ — RT be exponent functions such that p(-) < ¢(-). The
inclusion L") (Q) c LPM)(Q) is said to be L-weakly compact if the unit ball B4 is equi-
integrable in L) ().

Let S be the unit ball B, in the Theorem 3.3 to get following result:

Proposition 3.5. Let p(-) < q(-) < r(-) be exponent functions. The inclusion L™ (Q) C
LIO(Q) € LPY(Q) ds L-weakly. That is, there exists an Orlicz function ¢ with gli%lJr (&) =
—

0 such that L1 (Q) C L¥(Q) where the Musielak-Orlicz function ¥ is given by W (¢, x) =

(cp(x))p(é).

Consider the following result by Hernandez, Ruiz, Sanchiz (2021).

Proposition 3.6. Let p(-) < q(-) be exponent functions. If essinf (q(q:) - p(:c)) =0>0,
then the inclusion L10)(Q) C LPO)(Q) is said to be L-weakly.

Consider the equivalent statement of the Proposition 3.6.

Proposition 3.7. Let p,q : Q@ — Rt be exponent functions such that p(-) < q(-). If
essinf (p(f) — q(f)) =0 > 0, then the inclusion L1V (Q) C LPO)(Q) is said to be L-weakly.

Proof. We want to show that the limit of the modular function tends to zero. That is,

lim sup yfxa=0
WAy 17121 770

—

Let r(&) = % < 1. Denote the exponent function with conjugate function by r*(§) =

\/

_Q

+
(E) q for £ € Q. Tt applies that (r*)* < % < 0 < o0. Using Hélder’s inequality, we have
patr(Fxa) = [ LA xcadie < 411 ool xa ey
Also,
oo (599) = [ [ am <<
When || f40 ||,,< 1, we have

lim su ( )S lim 4 a() ()=
o 2, Pro\SXa) < i 41T

We present a weaker condition.

Proposition 3.8. Let p(-) < ¢(-) be exponent functions in Q = [0, a] with ¢* < oo and

(p — q)(+) increasing or non-decreasing. Assume that |(a — z)P~9| < €, then

(i) lim (o — 2)P~9@ =0, and

T—Q
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(ii) There exists a sequence (z,) defined by x, = == ¥V n € N, and zy € [0, )

satisfying that
(p—q)(t)

In p(t)
/ (xn — xn_l) dt < oo
ITL 1 Tn—1

Then, the inclusion L) <[0, a]) c L) ([O, a]) is L-weakly compact.

Proof. Let ¢ > 0 and ng € N such that

(p=a)(®)

1 Tn ® €
SILIY Ly PPN e

no€eN Tp — Tn—1 Jon
and
(P*(‘:?)(t) (pfjt\zf)(t) c
(xn — xn_l) ’ < (a — xn) < 1 (1)
for (p—4) < (p—24) where N = pT =esssup V x € [x, 1,2,), n > nyp.

N z€Q

p
Assume that r = (p — ¢)(zn,) < 0. Let f € Bjpq and any measurable set E with

e
w(E) < (5> . We define the following sets

B = {g; €[0,2,) NE: |f(2)] < (S)} E, = {a: €10, 2) N E: |f(2)] > (i)}

where supp(f) = E; and <Supp(f)) = Fj.
¥ia
Then for f € Bjq) and pu(F) < (;) , we have

| Ap0de= [ (ppde+ [ (0
[O,JSnOOﬂE F1 FEo

N

g\ _
< (5) nE) + [ 1L

q t)gdt < e €
+/’ﬂ 8+8 1
Also,
/ fIPOxpdt = / |fIPDx gt
Tn noeN Tn
= [ O [ PO
noEN En- En-1,2
where 1
Buia = B0 {2 € on1,0) 1 1/()] < — |
(xn B linl) ()
1
Eyp1s=EnN {x € [onvan) : |f(2)] > - }

12



Using (1), we have
1

> [ < 3 [T e

no€EN noeN “¥n—1
Tp — Tn—1

nOEN/wn ! ( n_xn—1>
Also, for f € Bjq), we have

p() gy < /””" a(t)| £1(0—0)(®) gy
S [ o< 3 [T ey

np€EN noeN”¥n-1

(p—q)(t)
Z /
X

|f|q(t) (xn - xn—l) "t
no€eN n—1

<X [T pefas

noeN

Hence the result. O

Consider the equivalence of Theorem 4.2 in [11] about relatively weakly compactness of
subset LPO)(Q).

Theorem 3.9. Let LPO)(Q) be with pt < co. A subset S C LPO(Q) is relatively weakly
compact if and only if S is norm bounded and, ¥ g € LP")(Q), we have

hm sup/ ]fg\du— hm mf/ |fglduw =0

_>(] ES —>0f€S

Proof. Suppose that S is relatively weakly compact. Then we show that S is norm bounded.
To see this, let € > 0 be given, then we have g € LP"0)(Q), a sequence (E,,) with u(E,) — 0
and (f,) € S. Since S is relatively weakly compact, there exists a subsequence (f,, ) —
ferPr(Q)ask — oo. Thus,V A€y,

(}‘ggofnp | frrgxaldp = lmofifes | frrgxaldp =0

from the notion that

/ankgOXAd,U/k — %/Qfgodu

On the other hand, let S be norm bounded and p*,p~ < co. Since S is norm bounded,
there exists a sequence (f,) C S with || f, [[,()< M < oo. From Bolzano-Weierstrass
theorem, there exists a Cauchy subsequence (f,,) such that for all g € LP"0)(Q),

<e V N, Ny > N(E)
p()

/Q<fnk—fnl)gdu—>0 as k,l—0 or H(fnk—fm)g

Let us denote G,, = {t eQ:[f(t) < m} Since g € L*(Q), consider large natural m such
that p(G¢,) < 0. With dominated convergence theorem, a simple function gy such that

13



| Gm — s =)< ﬁ‘ Thus, for k,[ large enough so that /Q‘(fnk — fnl)gs dp < %, we
use Holder’s inequality to get
(2 Jo = = e ] (1= o
< [ o ()b
Ny ([RAYIE
< [ (o = 2 ) om = g0t [ | (o = Yol +

Therefore, we have (f,,) is a weakly Cauchy sequence. So, (f,,) is weakly convergent to a

function f € LPX)(Q) and S is relatively weakly compact. H

Let LP()(2) be a variable exponent space with €; = p~* ({1}) Consider the equivalent

statement of the Theorem 4.3 in [1 1] with similar proof.

Theorem 3.10. Let LPY)(Q) with pt < oo and u(;) = u(p1<{1}>) = 0. A subset
S c LPY(Q) is relatively weakly compact if and only if it is norm bounded and

i sup o [ VPO O =0 for 3£ -1 2)

Proof. We prove by contradiction. Let S C LP)(Q) be norm bounded and clearly suppose
S C Byt Hence, for every f € S, we have [, |f(t)[""®du < 1. Suppose that (2) does not
hold, so there exist ¢ > 0, (\,) \,0 and (f,) C S such that, for every n € N,

J

Since p- = 1 and u(©2;) = 0, we can take a sequence (nd,) N\, 0 such that the sets

= {t € Q : np(t) < nd,} satisfy 0 < p(B,) < 5. Suppose that (),) satisfies the

np(t)

B)] dp> (A + 1)e (3)

following properties:

1 (nA)™® (nA,)™ e
0<A,+1<— A <1, < <3 4
Flsg, 2 A<l sup Tl N 3 (4)
n(p(t)—1)
where BS = {t € Q : np(t).0,}. Consider the function g,(t) = |\, fn(t) . For a.e.

t € Q, we have
np(t)

AnfalB)gnt)| =

()

Put p(t)-* (t) — p*(t), we get

np*(t) np(t)

In(1) = [Anfn(t)
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Let g(t) = sup |g,(t)]. We claim that g € LP"O(Q). Since g™ ) <3~ ¢ 0) | we get

J

np(t)
dp

np*(t) np*(t

d,u—Z/

neN

duéZAn§1

neN

Anfn(t)

g(t) Gn (t)

dué%/ﬂ
<y [|s

neN

np

TL

Considering the sets A, := {t eQ:|fu(®)] > n}, we get

np(t)

; np(t) </ <
Jnf 0™ u(An) < . dp <1

Jn(t)

So, lim sup

— 0 > pu(A,). Therefore there exists ng such that n > ny,
n—00 teA, nnp( )

J.

fn ’d:u< ~

Hence

np(t)

dp

np(t)

Aal®) 0 dut [,

J

np(t)
dp = /
An
np(t) np(t)
B du+ sup (n()\n + 1)) u(A; n Bg)

S /
An teB

np(t)
+ sup <n)\n> ,u(AfL N Bn)

teB,

</ >
<2\, /
An

< ()\n+1)€

Ygn (8)|dpt+ (A + 1 Ao+ 1
£)gn( ‘u+ +)3+n( +)3n

fn(t)gn(t)‘du DS

which contradicts (2).

Conversely, let g € LP*0)(Q) and r > 0 such that [, |rg(t)|™ ®du < oo or sup/ lrg(t)[""®d
n JQ

M < oo. Now given € > 0, then there exists & > 0 such that

su ”p )d < —
feIS)‘ 1 +£ / o f(t)] H
Take 6 > 0 such that, for every measurable set E with p(E) < 9,
n (6o + r
/ Irg ()]’ (02)

Thus, using Young inequality ([5] Lemma 3.2.20), we have

sup [ 100l < o s [ 16O O+ [ oty Oy

fi@)ﬂ@im( (&;1) ):5

We conclude that S is relatively weakly compact. O]
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4 Some Results on Banach-Saks Property

Recall the following definitions describing the criteria for variable exponent spaces LP()(Q),

with p™ < 0o to be weakly Banach-Saks.
Definition 4.1. Let X be a Banach space over a field R. Then X is said to be Banach-Saks

if for every bounded sequence (&,,) C X there exists a subsequence (&, )reny Which is Cesaro

convergent. That is, there exists a point ¢ € X such that

lek:fna—fH <e V a>apeN

k a=1 X

Equivalently, .

1
i [ S e -] -0

Definition 4.2. A Banach space X is said to be weakly Banach-Saks if for every weakly
convergent (&,) there exists (,,) which is Cesaro convergent. Every Banach-saks space is
also weakly Banach-saks. The notion of Banach-Saks is hereditary. This means a Banach-

Saks space (or weakly Banach-Saks space) passes the property to closed subspaces of them-

selves.
Theorem 4.3. The space LPY)(Q) is weakly Banach-Saks if and only if pt < oco.

Proof. Let ess ;Ielffl p(z) < oo. Then LP1)() has an isomorphic copy of [° which is weakly
Banach-Saks, so is LP()(€2).

Assume on the other hand that the space LP() () is weakly Banach-Saks, Then we show
that p™ < oco. To do this, let (§,) be a pairwise disjoint weakly convergent sequence in
LP0)(Q) which means we have a subsequence (&,,) which satisfies the condition of Cesaro
convergence. Let ({,x0,) and (§,Xa\0,) be weakly convergent sequences in L'(€);) and
LPO(Q\ ) respectively. Since L'(Q;) is weakly Banach-saks, then there exists a subse-

quence (&,, xa,) which is Cesaro convergent. On other hand as
1 n 1 n n
H Z a = H [ Z SaXay + Z faXQ\Ql]
n o= p(+) niy= a=1 p
1 & 1 &
< H > faxa| + ‘ > Laxaa
n = P n = P

It remains to show that (§,xa\q,) is Cesaro convergent for some (§,,). Assume that (&,)

in LPO(Q\ Q;) the sequence (&,) is relatively compact since it is weakly convergent.
Thus,

np(t)
_ Prp(-) (M) _
t) dt = }\1{% TILIGIIg 7(1 ) =0 for AN#-1

o 1
ik A e J,

Therefore,
1 n . - ga fm
02 i poy (; 6) = = Jim oo () < = fim 3 s o ()
& Em\ . Em
< — lim Zlgéprnpo(n) = — lim inf (1 pnp()( n >)

=0
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This shows that ess ingf)p(m) < 00. O
TE

Consider the following results involving the embeddings and closed subspaces of LP()(€2).

Theorem 4.4. Let p(-) < q(-) and p*,q" < oo. Then L1V(Q) — LPO(Q) is weakly
Banach-saks if and only if L) (Q) is weakly Banach-saks.

Theorem 4.5. Let L10(Q) C LPO(Q) be a closed variable exponent subspace such that
() # 0 for p(-) < q(+). Assume that LPY)(Q) is weakly Banach-Saks. Then the quotient
space, Lp(')(Q)/L‘I(')(Q) is weakly Banach-Saks.
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