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Abstract
The purpose of this paper is to introduce Clean Armendariz (Cl-Armendariz)
rings which are a generalization of Armendariz rings. We investigate some kind of

rings such as corner ring and Polynomial rings to see which ones are Cl-Armendariz.
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1 Introduction

Throughout this article, R denotes an associative ring with identity. For a ring R, Cl(R),
Nil(R), U(R), M, (R), T,(R), Id(R), C(R) and e;; denote the set of Clean element, set of
Nilpotent elements in R, set of Unit elements of R, the n X n matrix ring over R, the n xn
upper triangular matrix ring over R, the set of idempotent elements of R, the center of R
and the matrix with (i, j)-entry 1 and elsewhere 0, respectively.
A ring R is called Armendariz if whenever polynomials f(z) = ¥, a;z' and g(z) =
T_objr’ € R[x] satisfy f(x)g(x) = 0 then a;b; = 0 for each 4, j (The converse is always
true). The study of Armendariz ring was initiated by Armendariz ||, Lemmal] and Rege
and Chhawchharia used Nagata’s method of Idealization to construct examples of both
Armendariz rings and non-Armendariz rings in [12]. Some properties of Armendariz rings
are given in [2].So far Armendariz rings are generalized in several forms [5]. Zhongkui et al.,
[11] called a ring R weak Armendariz if whenever polynomials f(x) = ag+ayz+- - -+ a,a™,
g(z) = by + byx + - - - + byz"™ € R[z] satisfy f(z)g(x) = 0, then a;b; € Nil(R) for all i and
j. Razaghi and Sahebi [13] called a ring R is Idempotent Armendariz ring if whenever
polynomials f(z) = ag + a1z + -+ + apz™, g(x) = by + byx + -+ + bya™ € Rlz| satisfy
f(x)g(z) = 0, then a;b; € Id(R) for all i and j. In this paper, we introduce Clean

Armendariz (Cl-Armendariz) rings as a generalization of Armendariz rings.
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2 Clean Armendariz Ring

A ring is called clean if for each element © € R, x = e 4 u such that e € Id(R) and
u € U(R).

Definition 2.1. A ring R is said to be Clean Armendariz (Cl-Armendariz) ring if whenever
polynomials f(z) = Y aa’ and g(x) = X7 bja? € R[], satisfy f(z)g(x) = 0, then
a;b; € Cl(R) for each 1, j.

It is easy to see that every clean ring is C'l-Armendariz but the following example shows

that the converse does not hold in general.

Example 2.2. Let Z be the ring of integers. Since Z is a reduced ring, it is C'l-Armendariz

but Z is not clean ring.

Theorem 2.3. Let R, be a ring, for each o € I. Then any direct product of rings [1oer Ra

is Cl-Armendariz if and only if any R, is Cl-Armendariz.

Proof. Let R, be Cl-Armendariz, for each « € I and R = [[,e; Ro- Let f(x)g(x) =
0 for some polynomials f(z) = YXjax’ and g(x) = X} b’ € Rlz] where a; =
(@i, @iy, ooy iy o)y bj = (b, b4y, ..., bj,,...) are elements of the product ring R for
cach 1 <i <mand 1 <j <n. Define f,(z) = X% a;, 2", go(x) = X7 bj,27 € Rq[z] for
any o € I. From f(z)g(z) = 0, we have agby = 0, apby + a1by = 0, ..., a,b, = 0, and this

implies

a01b01 = a02b02 == agaboa == 0
a01b11 + Gllbol = GObe + a12b02 == a/(]abla + alaboa =...=0
g by = Qybpy, = -+ = A by, = =0

This means that f,(z)ga(x) = 0 in R,[z], for each a € I. Since R, is Cl-Armendariz
for each a € I, a;,b;, € Cl(R,). Now the equation [J,e; Cl(Ry) = Cl(Ilaer Ra), implies
that a;b; € Id(R), and so R is Cl-Armendariz. Conversely, assume that R = [[,e; Ra
is Cl-Armendariz and f,(z)g.(z) = 0 for some polynomials f,(x) = Y, a; 2", go(z) =

T 0bj.1?) € Rolz], with a € I. Define F(z) = X7 ', G(z) = XJ_o bja’ € R[x], where
a; = (0,...,0,a;,,0,...), b; = (0,---,0,b,,,0,...) € R. Since f,(x)go(z) = 0, we have
F(x)G(xz) = 0. Since R is Cl-Armendariz, a;b; € CI(R). Therefore a;,b;, € Cl(R,) and so
R, is Cl-Armendariz for each a € I. O

Corollary 2.4. Let R be a ring. Then R is Cl-Armendariz if and only if R[[z]] is Cl-

Armendariz.

Proof. Let R be a ring. We have

R[[z]] 2 {(a;) : a; € R, for alli > 0} = [[ R.

>0

Hence by this fact and Theorem 2.3, R is Cl-Armendariz if and only if R[[z]] is CI-

Armendariz. O
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It is clear that Armendariz ring is C'l-Armendariz but the following example shows that

the converse does not hold in general.

Example 2.5. Let Zs[z, y] be the polynomial ring over Z3 in commuting indeterminates x
and y. Consider the ring R = Zs[z,y|/(23, z*y*, 3*). The commutativity of R implies that
it is Cl-Armendariz but R is not Armendariz ring by [10, Example 3.2].

Since Nil(R) C CI(R), every weak Armendariz ring is Cl-Armendariz. But the follow-
ing example shows that every C'l-Armendariz is not weak-Armendariz.

Example 2.6. Let F' be a Field, R = My(F) and R; = R[[t]]. Consider the ring S =
{32, a;it" € Ry|ag € kI fork € F}, where [ is the identity Matrix. Since R is Clean, it is
obvious that S is Cl-Armendariz. Now for f(z) = ej;t—ejotx and g(x) = egit+eqite € S|z,

we have f(z)g(z) =0, but (e11¢)? is not Nilpotent in S and so S is not weak Armendariz.

With the previous Example we can show that subring of Cl-Armendariz rings need not

be Cl- Armendariz in general.

Example 2.7. Take S be the ring as in Example 2.6. We claim that S[z]| is not Cl-
Armendariz. Let f(y) = entr — epptry and g(y) = estx + ejitxy be polynomials in
S[z][y]. Then f(y)g(y) = 0. We show that (ej;tx)? is not in C1(S[x]). Let (e tx)? =r. If
r € Cl(S[z]), then r = e 4+ u such that u is a unit in S[z]. Since S is commutative, it is
Abelian and so by [7] Id(R[z]) = Id(R). Therefore e must be in S. Thus —e + r is a unit

in S[z] and elementary calculation shows that this is impossible.

We can see from the previous Example the polynomial ring over Cl-Armendariz rings

is not C'l-Armendariz rings in general.

Theorem 2.8. Let R be a ring. If R[z| is Cl-Armendariz ring, then R is Cl-Armendariz.

The converse holds when R is reduced.

Proof. Suppose that R[z| is Cl-Armendariz ring. Let f(y) = fj fily) and g(y) = En: 9;(y)
i=1 j=1

be nonzero polynomials in R[y|, such that f(y)g(y) = 0. Since f;g; € Cl(R[z]) arzd R C

R[z], we have a;b; € RN CIl(R[z]) = CI(R). Therefore, R is Cl-Armendariz. Conversely,

Suppose that R be a Cl-Armendariz ring. Let f(y) = i fily), g(y) = i gj(y) be nonzero
i=1 j=1

polynomials in R[z][y] with f(y)g(y) = 0, where f; = a;, + ajz + -+ + aivix’“i, g; =
bi, + by + -+ bjwjx“’j € R[z] for each 1 < i < m and 1 < j < n. Take a positive
integer ¢ that ¢ = deg(fo) + deg(f1) + -+ + deg(fm) + deg(go) + deg(g1) + - -+ + deg(gn)
where the degree is as polynomials in x and the degree of zero polynomial is taken to be
zero. Then f(z') = fo + fizt + - + fnxt, g(z") = go + 12" + -+ - + g2’ € R|x] and
the set of coefficients of the fi s (resp g;s) equals the set of coefficients of the f(z') (resp (
g(z"))). Since f(y)g(y) = 0, f(z')g(z) = 0. Since R is Cl-Armendariz, (@i, bj,,) € CU(R)
where 0 < r; < v; and 0 < s; < w;, and since R is reduced, CI(R) = CIl(R[z]). So
fig; € Cl(R[z]). It implies that R[z] is Cl-Armendariz. O

Let R be a ring and e € Id(R). Then the two-sided pierce decomposition writes R as
the direct sum of eRe,eR(1 —¢),(1 —e)Re and (1 —e)R(1 —e) .
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Proposition 2.9. Let R be a ring and e € CI(R). Then the following statements are
equivalent:

(1) R is Cl-Armendariz.

(2) eRe and (1 — e)R(1 — e) are Cl-Armendariz and R is an Abelian ring.

Proof. For convenience, we let ¢ = 1 — e. Suppose eRe and eRe are Cl-Armendariz rings

and R is Abelian. We use the pierce decomposition of the ring R and so
R = eRe ® eRe © eRe @ eRe. (1)

Now, since idempotents in R are central, R = eRe @ eRe and so R is Cl-Armendariz
ring by Theorem 2.3 . Conversely, Let R be Cl-Armendariz ring. Let f(z) = ¥, a;2,
g(x) = XJ_  bja! € (eRe)[z] such that f(x)g(z) = 0. Since R is Cl-Armendariz and
a;b; € eRe C R, then we have a;b; € CI(R) NeRe = Cl(eRe). This means that eRe is
Cl-Armendariz. Similarly we can show that eRe is Cl-Armendariz ring. Now let e be an
idempotent of R. Consider f(z) = e—er(e)x and g(z) = e+erex. Therefore f(x)g(z) = 0.
By hypothesis ere is central and so ere = 0. Hence er = ere for each r € R. Similarly
consider p(x) = € — erex and ¢(x) = e+ erex in R[z| for all » € R. Then p(z)q(z) = 0. As
before ere = 0 and ere = re for all r € R. It follows that e is central element of R, that is,

R is Abelian. ]
Corollary 2.10. Let R be a Cl-Armendariz ring, then so is e;Re; for each e; € Id(R).

The converse holds if 1 = ey + e+ ---+ e, where the e;s, 1 < i < n are orthogonal central

idempotents.

Proof. We have R = e;Re; & - - - & e, Re,, and the proof is done. O

The following Example Shows every Abelian ring is not Cl-Armendariz.
b
Example 2.11. Let R = { ( ¢ y ) € My(Z)|a = d(mod2),b = ¢ = O(mon)}. The only
c

0 0 10
idempotents in R are 0 0 and 0 1) so R is an Abelian ring. Let f(x) =

(8 g>+(—02 8)%9@):(8 3)—(3 _OQ)xER[xJ. Then f(x)g(x) = 0.

2
but 02 8 8 0 is not Clean in R. Therefore R is not C'l-Armendariz.

A ring R is called right (left) principal projective (it or simply, right (left) p.p- ring) if
the right (left) annihilator of an element of R is generated by an idempotent.

Theorem 2.12. Let R be a ring. If R is Armendariz ring then R is Cl-Armendariz. The
converse holds if R is a right (left) p.p.-ring.

Proof. Let R be Cl-Armendariz ring and right p.p.ring. By Proposition 2.9, R is Abelian.
Let f(z) = X a’ and g(z) = Y7_ bja’ are polynomials in R[x] such that f(x)g(z) = 0.
Assume that f(x)g(z) = 0. So we have

aobo =0 (2)
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a01)1 —+ a160 =0 (3)
a062 + a1b1 + a2b0 =0 (4)

By hypothesis there exist idempotents e; € R such that r(a;) = ;R for all i. So by = egby
and apeg = 0. Multiplying (3) by eg from the right, we have 0 = agbiey + a1bpey =
apeoby +a1boey = arby. By (3) aghy = 0 and so by = epb;. Again, multiplying (4) by ey from
the right, we have 0 = agbsey + a1b1eg + asbpeq = a1by + asby. Multiplying this equation
by ey from the right, we have 0 = a;bie; + asbge; = asbg. Continuing this process, we have
ab; =0 foralll <7 <sand1 < j <t Hence R is Armendariz. This completes the
proof. O

The following Example shows that the assumption of "p.p.-ring” in Theorem 2.12 is

necessary.

Example 2.13. Let R = T(Zg,Zs). Then R be Cl-Armendariz ring. It is not Armendariz

0 Z 0 1
ring by [12, Example 3.2]. Moreover, since the principal ideal I = ( 0 08 ) = ( 0 0 ) R

is not projective, R is not a right p.p.-ring.

Since the rings M, (R) and T, (R) contain non-central idempotents. Therefore they are
not Abelian and so these rings are not Cl-Armendariz in general. Given a ring R and M
a (R, S)- bimodule. The Nagata extension of R by M is the ring T(R, M) = R@ M with

the usual addition and the multiplication

(r1,my)(re, mo) = (r17re, rime + mrs).

T m

This is isomorphic to the ring of all matrices (0 s ), where r € R and m € M and the

usual matrix operations are used.

Proposition 2.14. Let R and S be two rings and T be the triangular ring T = (185 ]‘54)
(where M is an (R, S)-bimodule). Then the rings R and S are Cl- Armendariz if and only
if T is Cl- Armendariz.

Proof. Let Rand S be Cl- Armendariz ring. Take ring 7' = (& ]‘S/I) and f(z) = ZQO(% o ),
g(z) = ;L:O<r0j Tj) satisfy f(x)g(x) = 0. Define

fr(x) = irixi,gr(x) = ér}xj € Rlz] (5)
and . .
fs(x) = gsixi,gs(x) = ;s;xj € S[x] (6)

From f(z)g(z) = 0, we have f.(z)g.(z) = fs(x)gs(x) = 0 and since R and S are Cl-
Armendariz ring, ry; € CI(R) and s;s; € CI(S) for each 1 < i < mand 1 < j <
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. il riml 4mys’
n. It is enough to prove that (T(:J rm;iszn S’) € CUT). Let a = ril,b = s;8j,m =
rim; + m;s;.  We consider Matrix (8"}}) € (10”54) Since a,b are clean, a = e + u

such that e = €?,u € U(R) and b = f + v such that f = f% v € U(S). So (ST) =
(6 f) + (6 )such that( § )15 idempotent and(§ ) is unit in 7. Conversely, let 7" be a
Cl-Armendariz ring,

an gs(x ZT v/ € Rlx (7)

such that f,.(x)g.(z) =0,

st gs(x stJES (8)

R
ij

such that fi(x)gs(z) = 0. If f(z) = S0 (5% ), g@) = (7 S;_) € Tla] then
fr(@)gr(x ) =0 and fs(x gs( ) = 0 follow that f(z)g(x) = 0. Since T is a Cl-Armendariz
ring, (g ) :)j 5 ) = (m ) € CIl(T). This shows that R and S are Cl-Armendariz. [

Oss

Corollary 2.15. The following are equivalent for a ring R.

(1) A ring R is Cl- Armendariz;

(2) The trivial extension T(R, R) of R is Cl- Armendariz;

(3) T,,(R) is Cl- Armendariz for any n > 2;

(4) R[z]/(x™) is Cl- Armendariz where (x™) is the ideal generated by x™ in R[z].

Proposition 2.16. Let R be a ring which 2 is invertible and G = {1, g} be a group. Then
RG is Cl -Armendariz if and only if R is Cl -Armendariz.

Proof. Since 2 is invertible, we have RG = R X R via the map 0 : a + bg — (a + b,a — b).
Then the result follows by Theorem 2.3. m

Proposition 2.17. For a ring R suppose that R/I is Cl-Armendariz for some ideal I of
R. If Idempotents lift modulo I and I C J. Then R is Cl-Armendariz.

Proof. For convenience we let 7 = r + I. Suppose that f(z) = >7",a;z" and g(z) =
Y7o bjz? are polynomials in R[z] such that f(x)g(z) = 0. Then (f(x)/I)(g(x)/I) = 0.
Since R/I is Cl-Armendariz, it follows that a;b; € CI(R/I). So a;b; = & + i such that & €
Id(R/I) and u € U(R/I). Since every Idempotent lift modulo I and I C J, a;b; € Cl(R)
for all ¢ and j by proof of [1, Proposition6]. This complete the proof. O]
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