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Abstract

In this paper we consider (l;:, 1) almost co-Kéhler manifold satisfying the vacuum
static equation. First we prove that if a (l%, @) almost co-Kéhler manifold satisfies
the vacuum static equation then its scalar curvature satisfies certain relation or the
solution of the equation is trivial. Next we prove that the value of the scalar curva-
ture is constant considering the fact that the vacuum static equation has non-trivial

solution.
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1 Introduction

The study of vacuum static spaces ([25]) stands at the forefront of theoretical physics,

offering a unique and intriguing perspective on the fundamental nature of the universe.
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One of the central motivations for studying vacuum static spaces stems from their role
in advancing comprehension of general relativity, the cornerstone of modern gravitational
theory. In 1915, Albert Einstein introduced the theory of General Relativity. According
to this theory gravitational field is the spacetime curvature and its source is the energy-
momentum tensor. A spacetime( [1], [10], [11], [23]) of General Relativity is regarded as a
4-dimensional time-oriented Lorentzian manifold. The energy-momentum tensor describes
the matter content of the spacetime. The matter content is assumed to be fluid having
density, pressure and having dynamical and kinematic quantities like velocity, acceleration,
vorticity, shear and expansion( [1], [24]). The fluid is called perfect because of the absence
of heat conduction terms and stress tensor corresponding to viscosity.

The field equation governing the perfect fluid motion is Einstein’s gravitational equation
KT(X,Y) = Rie(X,Y) + (A= )g(X,Y), (1)

where X,Y are smooth vector fields on M, k is the gravitational constant and X is the

cosmological constant. Here 7' is the energy-momentum tensor given by
T(X,Y) = pg(X,Y) + (0 + p)0(X)0(Y),

where p is the isotropic pressure, o is the energy density and 6 is the 1-form given by
0(X) = g(X, ), where v is the velocity vector field of the fluid and g(v, 1) = —1. Static
spacetimes are important global solutions to the Einstein’s equations.

Let (M",g) be an n-dimensional smooth Riemannian manifold. It is said to be a static

space with perfect fluid if there exists a non-trivial smooth function f : M — R such that

r 1 T

Ddf — f(Ric — - + Af)g, (2)

—1 nn—1

where Ddf is the Hessian of f, A is the negative Laplacian of f, Ric is the Ricci tensor and

r is the scalar curvature. If the static space additionally satisfies the property ——+Af =0

n—1
then it is termed as vacuum static space. For a vacuum static space (1.2) takes the form

Ddf — f(Ric — ——g) =0, (3)
n—1

and this equation is called vacuum static equation. the exploration of vacuum static spaces
has been a significant area of interest in theoretical physics and Mathematics particularly
within the context of general relativity. Many Researchers have engaged in extensive studies
to comprehend the theoretical implications and physical consequences of vacuum static
solutions to Einstein’s field equations. Recently Hawan and Yun([15]) consider vacuum
static spaces with the complete divergence of the Bach tensor and Weyl tensor. Other
interesting works in this regard can be found in [3], [12], [17], [22]. Motivated by the works
of D. S. Patra et al.([3]) here we study vacuum static space on (k, /i) almost co-Kihler
manifold.
The paper is organized as follows. after the introduction in section 1, in section 2, we give
some preliminaries and formulas of (k, fi) almost co-Kéhler manifold and of vacuum static
spaces. In section 3, we prove certain results on (/;:, i) almost co-Kéhler manifold satisfying

vacuum static equation.
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2 Preliminaries

This section consists of some basic definitions and properties of almost contact metric man-
ifolds. A (2n+1)- dimensional smooth Riemannian manifold (M?***1, g) is said to be almost
contact metric manifold if there exist on M a (1,1) tensor field ¢, a 1-form 1 and a vector
field £ such that

X = —X +0(X)E (&) =0, nop=0, (¢ =1, (4)
for any smooth vector field X on M. In an almost contact metric manifold we also have
9(eX,9Y) = g(X,Y) = n(X)n(Y), (5)

for all smooth vector fields X,Y on M.The fundamental 2-form ® is given by ®(X,Y) =
g(X,9Y). An almost contact metric manifold is said to be almost co-Kéhler manifold (
12,151, [6], [13], [16]) if d@ = 0 and d® = 0. An almost co-Kéhler manifold is said to be

normal if and only if
NO(X,Y) = Ny(X,Y) + 2dn(X,Y )¢ =0, (6)

for any smooth vector fields X, Y in M, where N, denotes the Nijenhuis torson of ¢, given
by

N (X,Y) =@’ [ X, Y] + [0X, Y] — 0[pX, Y] — o[ X, pY]. (7)

A normal almost co-Kahler manifold is a co-Kahler manifold. On an almost co-Kéahler

manifold we consider three self adjoint operators

1
h = 5"8{907 l= R(ag)gv h’/ = ho@

where R is the Riemann curvature tensor of g. These three operators satisfy the following
identities([18], [19], [21]):

trh =trh' =0, hé =0, I = —ph, (8)
ng hl? VW:O, véh: _h290_(10l7 (9)
Ric(&,€) 4 trh* = 0, (10)

olp — 1 = 2h*. (11)

where V is the Levi-Civita connection of g. The Ricci operator @ is given by Ric(X,Y) =

9(QX,Y).
If the curvature tensor R of an almost co-Kahler manifold satisfies

R(X,Y)E = k(n(Y)X —n(X)Y) + i(n(Y)hX — n(X)hY), (12)
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foe all smooth vector fields X, Y on M and k, i € R then it is called (k, ji)-Almost co-Kéhler
manifold. Using (11) and (12) we have

h* = ko (13)

In (k, fi)-Almost co-Kéhler manifold we have the following identities([20]):

Veh = b/ (14)
Veh? =0, (15)
lo — pl =2ah'. (16)

Furthermore, in this manifold the tensor field h satisfies the following relation([11]):

(Vxh)Y — (Vyh)X =k(n(Y)eX — n(X)pY + 2g(¢X,Y)E)

(17)
+ i1(n(Y)phX —n(X)phY),

where X and Y are smooth vector fields on M. The Ricci operator ) of an almost co-Kéahler

manifold with & < 0 is given by ([9])
Q(Z) = ih(Z) + 2nkn(Z)¢ (18)
for all smooth vector field Z on M.

Lemma 2.1. ([7], [12]) If a Riemannian metric g satisfies the vacuum static equation,

then its scalar curvature is constant.

In a (2n 4 1)-dimensional almost co-Kéahler manifold the vacuum static equation (3)

can be written as
T
VaDf = F{QX — X}, (19)

where D is the gradient operator and X is any smooth vector field on M.

Differentiating (19) covariantly along an arbitrary vector field Y we obtain
r r
VyVxDf = (YIHQX — X} + H(VyQ)X + Q(VyX) — o -Vy X} (20)

Using the equation (20) in the curvature formula R(X,Y)Z = VxVyZ-VyVxZ—-Vxy|Z
yields

R(X,Y)Df = (X)QY — (Y)QX + f{(VxQ)Y — (VyQ)X}

r (21)
~ Ly - vy,

for all smooth vector fields X,Y and Z on M.
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3 Vacuum static equation in a (k, /i) almost co-kihler

manifold

In this section we consider (12:7 i) almost co-Kéahler manifold satisfying vacuum static equa-

tion. Here we consider the case h # 0 and prove the following:

Theorem 3.1. If a proper (k, ji) almost co-Kdihler manifold with k < 0,7 # 2n(2n + 1)k

satisfies the vacuum static equation then either the scalar curvature r satisfies {(2n+1)k —

=)+ 2k} = 0, or the equation cannot have any non-trivial solution.

Proof. Tn a (k, ji) almost co-Kéhler manifold we have
R(X,Y)E = k(n(Y)X —n(X)Y) + a(n(Y)hX — n(X)hY)
Taking inner product of both side of (22) with D f
g(R(X,Y)E, Df) = k(n(Y)X f = n(X)Y f) + a(n(Y)(hX) f = n(X)(hY)[)
Substituting X = ¢ in (23) we obtain
g(R(EY)EDS) = k(n(Y)Ef =Y ) = a((hY) )
Now consider (21)

RX.Y)Df =(XF)QY = (Y IQX + H{(VxQ)Y = (VyQ)X}
5 AXNY — (V)XY

Taking inner product with £ in both side of (25) we obtain
9(R(X.Y)DF, ) =2nk((X f)n(Y) = (¥ (X)) = (X Hn(Y) = (¥ (X))
+ Ha(VxQ)&Y) = g((Vy Q)€ X))
Using (19) and (17) in (26) we get
9(R(X,Y)DF.€) = (2nk = )(Xf)n(Y) = (Y FIn(X)) - 2fg(X, )
Putting X = ¢ in the previous equation we obtain
9(R(EY)E.Df) = (5 = 2B (ENHN(Y) = (V)
Using of (23) and (28) gives us
(5 = 20R{(ENN(Y) = (YD} = k{n(Y)(Ef) = Y I} = i{(hY) )
From (29) we can write

{(2n+ 1)k = - HDf = (€£)€} + ihDf = 0.
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Operating h in both side of (30) we get
{2n+ 1)k - i}hpf + jih2Df = 0.

From which we have
fih*D f

hDf = — < .
d (2n+ 1)k — -

Utilizing (13) and (32) in (30) we have

{(2n+ Dk = Y(Df = (£)§) — i*ke’Df = 0.

The equation (33) can be written as
{@n+ 1k = ) + ®k}(DSf = (£)) = 0.

Then either {(2n 4 1)k — =)+ [2kY =0 or, (Df — (£f)€) = 0.

If (Df = (£f)§) = 0 then
Df = (£f)s
Differentiating covariantly (35) with respect to X we get
VxDf = X(Ef)E+ N (X).
Using (19) and (36) we have

fox = x xene e,

Now from the relation g(VxDf,Y) = g(VyDf, X) we get

X(&f) = &(&f)m(X).

and from VyDf = f(QX) — £LX we have

I
(ef) =2nkf - 2.
Using (37), (38) (39) we obtain
1x = o vanky — e v epwin)

Taking trace of the foregoing equation we obtain

f=o.

This completes the proof.
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Now we consider the case h = 0. Then from (12) we have
R(X,Y)¢ = k(n(Y)X —n(X)Y), (41)

for all smooth vector fields X,Y on M.
Taking inner product with Df in (41) and replacing X = £ we get

g(REY)EDf) =k(n(Y)Ef =Y f). (42)

From equation (21) we get

RX,Y)Df = (X)QY = (Y/)QX + f{(VxQ)Y — (VyQ)X}

AXHY - (V)X ()

Taking inner product with £ in both side of (43) we obtain

9(R(X,Y)DF,&) =2nk{(X [)n(Y) — (Y f)n(X)} — %{(Xf)n(Y) — (Y )n(X)}

(44)
+ H9((VxQ)E,Y) —g((VyQ)E, X)}
Using (19) and (17) in (44) we get
g(R(X,Y)DF,€) = (2nk— ) (X fin(Y) = (Y () —2fg(X,0Y)  (45)
Putting X = £ in the previous equation we obtain
9(R(EY)E.Df) = (5 = 2R (ENHNY) = (V) (46)
Now (42) and (46) together imply
(5= = 20 (€Nm(Y) = (V) = kn(V)ef =Y ) (47)
From the foregoing equation we obtain
((EHm(Y) =Y (M en+ k= -} = 0. (48)
Suppose that 7 # 2n(2n + 1)k.
Then from (£f)n(Y) =Y (f) =0 we have Df — £fE = 0.
Differentiating covariantly Df — (£f)§ = 0 with respect to X we get
VxDf = X(£f)S. (49)
Using (19) and (49) we have
fox = i xene (50)
Now from the relation g(VxDf,Y) = g(VyDf, X) we get
X(&f) =& n(X). (51)
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and from VyDf = f(QX) — 2LX we have

§(6f) = 2mkf — ;]; (52)
Using (50), (51), (52) we obtain
fOX = ;];X +2nkf — ;ﬁn(){)g. (53)

Taking trace of the foregoing equation and noting that & < 0 we obtain
f=0.
Therefore, we are in a position to state the following:

Theorem 3.2. Let (M?***' g) be a proper (k, i) almost co-Kdihler manifold with h = 0. If
(g, f) is a non-trivial solution of the vacuum static equation, then the scalar curvature of
M s 2n(2n + 1)k, which is constant.
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