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ON SOME TYPES OF AFFINE MOTIONS IN AFFINELY
CONNECTED GENERALISED 2-RECURRENT SPACES

KAMALAKANT SHARMA

1. Introduction: Let L, be an affinely connected space of N-dimensions with
a symmctr’ic affine connection P‘ , and let BY . (=- “k) be the curvature
tensor. Then the space is sald to be a generahsed 2-recurrent space if the
following condition is satisfied :

(1) v,; Vm B;’GI = amn B:k; + ‘B" vm B;TGZ

where VV denotes covaridnt differentiation with respEc{ to I’;',; and \.‘Bm, dpmy 81€
respectively a covariant vector and a covariant tensor. Such a space shall be
denoted by AG{®*K,} and 8,, a,, Wil be called ltsL vector and temsor of

recurrence respectively. ,
. \ \

We now, suppose. that: the space. admits an  infinitesimal co-ordinate
transformation

1
) < laha ‘ 4

v A & ~ . S Ll N <

(W o B o= xt 4 & (x)er

oAl s Tni (R S \ i DYS

(¢ b:ing an infinitesimal constant) satisfying thc‘c‘.\ondition

@ oy v = B S Ve Vi Eht By 8= 0

where £ denotes Lie-derivative with respect to the above transformation. Such
transformations are called affine motions.

Takano and Imai [2] considered some types of affine motions in bi-recurrent

spaces. The object. - of this paper is_to study some types of affine motions in
AG{2K,}.

o .

2 Some formnlas in an AG{”KN} admlttmg aﬂine motlons

Since the space is assumed to admit aﬂine motions the conditions (2) must
be integrable. The condition of its integrability can be written as £ B¢ e = 0

or as

(3) £ V¢ Bj,, — B, Vi E' +'By,, \7: g

+ B:u Vi §t + Blue Vi gt =0.
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Interchanging 7 and # in (1) and then subtracting it from (1) we get
, : i i
(4) Am" B:k o= B:ht Btmﬂ - Btkl B;mn B;“ B’t‘"m B‘”‘t Blmn
—(Bn Vo B i —Bm Va ,kl)

where A, = Amn — dam.

Putting V; & = B},,, /" where f™" is a non-symmetric tensor, multiplying
(4) by /™ and summing over the indices m and n, we get

(5) CBj: = Biei Vi &' = By, V; & - Bl Vi £ =B Vu &
where C=A,,. /™
With the help of (5) we can express (3) as
(6) £B},, = & v,Bi, - CB},,
Since £ B},, =0, we get
(7) CB,, = £ V.BS,, |
Differentiating (7) convariantly and using (1) and (7) we have
(Ve C) B, + CVUnBY, =V, & . Vi B}, + & (Vi Vi Bfy;)
=Vmé .V B}, + (6" asm + CBm) - Bf .,
or (8) C.VmB!,, + (VnC —CBhyu— & ay) BS, = Vi £ Vi B,
Now, multiplying (8) by &é™ and summing with respect to m; we get
9 C.&"VuBi,, +(f"VaC—Cd—A)Bi,, =Vu&.V, B,
where dr=£* By and = £ & aia.

It is known [3] that under affine motions the operations of £ and ¥ are
interchangeable. Hence

=£ V’T‘B"kl =V £ .V, B‘Ial +$‘a‘"' JH + B &° VB th

- Vs gi_ :Ic +vi£t Vim tkl+vk£ Vm ,”+VI€ VnB
=Vm Et . Vt ;’kl + (S‘ atm"‘c ﬁm) Bjkl - Vt 5 . Vm
+V5 éi'va:kl +Vk é‘-VmB;.gL +V; gt‘VMB;kt (USing (7))

Transvecting this with £" and using (7) we get
(10) Vbt .V, Bf,, + AB;“ + C.d.Bj,,
=C[V. ¢ .B},, - V; &, - V€. ,“—v,gf.a,e“]
= C* B}, (by (3)).
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From (9) and (10) we have

5"‘ Vm C=0.
or -
(11) £ C =0.

3. Affine motions corresponding to a concurrent vector field :

We now consider an affine motion generated by a vector field £¢ which is
a concurrent vector field. Then

(12) V; £* = k8! where k is a non-zero constant.

. From (12) we have vy, V; ¢* =0,

whence :

(13) BB = - Y,V £+ VT, 8 =0
Differentiating (13) convarlantly and usmg (12) we get

(14) kB;uk+g VnBh =0 - \
Again differentiating (14) covarxantly and using (1) we get‘ 1
kVaBhi +kVnB ,.,k + £" (amn Bj;, + Ba Vi BY,,) =0

of, k (VaBi,, + VuBi,, = 6, BL) =0, (usmg (13) and (14) )
whence ' Tl SR
(15) . Va Bm,k + VW n,k = bn Bm!k

Now, operating ¥/ ; on ( 15) and usmg (1) we gct
Guy B,y + ami BS,, + 8, (Vo BY,, + Vu BY,,)
= 6a Vi Bhx+ Biousi - Vi Ba
Next, using (15) we have
(@a; + By Bn — Vi Bu) Bhji + @mu B, = ﬁ,. Vi B},
Transvecting this with £™ and using (13) and (14) we get
£ apm; BY,, = £" B0 Vi Bhyy =— kB, B
Again, transvecting with £" we get
" apy & B,.u; =—k (£ By) . lek
which reduces in virtue of (13) to

k.« .B!

Vil

=0,
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Since k s 0 and B}, # 0,d = 0 i.e. £" By = 0.

Hence we-can state the following theorem ( cf. [1]): -

Theorem I : If an AG{*K,} admits an affine motion generated by a concurrent

vector field ¢¢ then £°, is pseudo-orthogonal to the vector of recurrence of the

space.
4. Affine motions corresponding to a special concircular vector field : .

Next, we consider an affine motion generated by a special concircu]a; “vector
field £ given by
(16) V8= ¢ (x) o}

where ¢(x)(# constant) is a scalar functlon of co: ordmates . A

~

-
~oae s.‘

At first we show that in thls case the followlng relatlons hold .

.....

(iii) A + 3¢C =- C d=—fCé' ﬂ‘
Proof of (i) : TR
Operatmg Am on ( 16) and puttmg ¢m = me ‘;{:_;Jc_ .ge-t" : B
i B B
Also from (2), we have \ sl e
£, Vs gt .__Bi“ gk gz _ 0 _\ \
Whence, L L 0 :
Since 84 # 0, £" ¢y = 0

Pooof of (ii) :

From (3) it follows that
(1) 5 V' ,/u e 2¢ B”gz
Using (7) it may be replaced by C B}, = — 2¢. B!,
Whence 2¢ + C =0 [since Bj,, # 0]

Proof of (iii) :

Operating V,» on (1) we obtain

(€% aym +CBum + 2¢,) BY,, +3¢ Vn Bt

ik
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Multiplying this condition by £&" and summing on m, we get
(3¢C+A4+C.4Ja) Bf,, =0 (using (7) and (i) )
or, A4+3¢C=-C.d, where A = £t ™ g, .
This completes the proofs.

Now, we discuss the case of affine motion generated by a special concircular
vector field £¢.

We have from Bianchi’s second identity
VanBj, + Vi B, + VBl =0

Covariant differentiation of thls, use of (1) and this identity give
amn B} ;; + axn B I +a;, B mk =0.

Multiplication with ¢ yields ‘
amn Bjy & — ain Bimi ET'J' Tyn &' B:'mkr =0

Applying (2) we get g

(A7) an & Bl = m (Vi V; S")—am (Vm V; &)

—anm 4’/@ ,- —Qyn ¢m (amn ¢k ak'n- ¢m) 6‘

=

Now, we have to cons1der the following two cases By

!

i

Case I: a;n £'#0. CaseM: a;u £'=0.
Casel: |

Since B;mk + B¢

mic j

+ Blifm 0"

we have a;,.é Bm;k o awé B ms § -+ ayn §°Bi, =0

egm—
Using (17) this can be expressed as |
(@nn b1 — Ajgn $im) 8 + (@on by —ajn b;) 0% (a5 ‘if’vn“awm $;) 6;,=0.
thnce, contraction on i & j and summation over these indices yield -
(N—2) (amn ¢4 — ayn ¢m)=0. \
Hence, for N > 3, g, 4, =0y Py :
whence, using (i) we get |
dnn E" $1,=0,

But gy, {"#0 by assumption. So, ¢, =0, that is, ¢ Is a constant which is
contrary to our assumption. ‘
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Hence, we deduce the following theorem 1

Theorem 2: There does not exist in an AG{*K,} an affine motion genel:ated
by a special concircular vector field §¢ given by ¥, &f=¢ (%) 5y oy BRIDE S
non-constant scalar) if a;, &' = 0.
Case II :
In this case, we have form (17)
Ann P = Agn m
So, Omn £" by = agn & bm
Since ¢,,»0, it follows that
amn " = 1 bn
for a suitable scalar function p. =
However, according to (i) we have,
O 8 EP=0
whence, A=0.
Consequently, from (ii), (iii) we have ‘ ;
‘ PRI ol B [since ¢ #0-s0 ¢#0]
Whence, $=—34 d=—3 (£ By). :

Hence, we deduce the following theorem :

Theoxem 3: There exists in an AG{?K,} an aﬁine motion ggnérated_ by a
special concircular vector field £° given by V &= (%) a; if -a;, £'=0 and
then ¢ (x)=—4% (c* B¢). ‘

5. Affine motions corresponding to a recurrent vector field :

We now consider an affine motion generated by a recurrent vector field £,
Then V; &=¢; (x) & where ¢, is not a gradient vector.

In this case (é) becpmes

C.Vs B:kl + (Vm c-C Bin—E* aym) B:;”

=Vm 5‘ .V B:kl=¢"‘ ‘ft Vc B:M=4’m . C ‘B;Ial (using (7))

Hence,

l 1
VmB:kl='é (¢ C=Vm C + CBu + £ au] B;‘kl' C#0.
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This shows that the space is a recurrent space of first order with

o [¢m C— Vi C + C By + &t ayn], C+#0, as its vector of recurrence.

In this case the condition (2) becomes
(18) (J vlc ¢g A g 95_, ¢lc JTGL ‘Sl
Multlplymg this by & and summing over k and using B;,, £k El=0 we get

(19) Vb +2é;=0 [Since &% # 0]

where =8 ¢p.
Contracting ¢ & k in (18) we get _
B, & = x ¢; + & Vy ¢; which reduces.in virtue of (19) to

(20) By, & = 0. ‘
Again contracting i and l in the Blanchl 8 1dent1ty

B,.,”+B +B“k—0 weget :

e ”‘ B"’ + hik = 0. S }
" Using (20) wé obtain from @) "3 - Few " ¥ 2

(22) By; & = B}, & AT TS e
Again contracting i and j in (2) we get >

(23) Vi +- BZ. & = 3
From (22) and (23) we obtain -~ -

(24) B, s TypgT="3 ;X ;

~

Contracting § and 1 in § B, , =0 we get
0=£B;,=£! V; Bju+Biu £t . ¢; 4By 16 ¢y
or (25) CB;,—¢; . Vi «=0. (Using (20) (24) and (71))
Multiplying (25) by ¢/ and summing over j and using (24) we get
-C. Vg %= .' Vi %, that is, (C+-t) Vk 4:0_
Therefore either (i) C+-t=0 or (i-i)_ Vi «=0 V
In case (i) «0 because C#0. Hence from (25) we get - B"?“=¢’ Vi<

Whence

(26) Byp=—¢i < where «;, =£”V10 «.
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In case (ii) it follows from (25) that By, =0.

Hence we can state the following theorcm :

Theorem 4 : If an AG {*K,} admits an affine motion generated by a recurrent
vector field £ given by v, &t = ¢, (x) ¢° (¢; not a gradient vector field) then the
space is a recurrent space of first order and B, £'=0. Further the Ricci tensor

. - - 3 1 l
B,; is either identically zero or is of the trom B, ;= —¢; %; where <;=- V; <.

Again, diﬁerentiatiﬁg (18) covariantly, we get _ :
(27) &5 Vo Vi dy+de & Vi b+y 65 Vo b5 +E5 b5 Ve Sty bede &
=-Bj,, ¢. &' - ¢ V. B}y, & ¥ i
Also, differentiating (19) covariantly, we get
(28) £* Ve Vi b;+0. & Vi b +¢; Vet Ve ¢;=0.
Contraction on i & k in (27) yields A -
£, Vi b3+b 8 Vi by 13 s £ 8 V4 di+2 4y 4,
=B;, £ ¢,+& A, By, |
Combining this with (28) we get ‘ , i
(29) —¢; Vi «+¢; &V, b+ ¢, ¢;=¢B,-;l£% b+ &t %f'szn

=3

Again, covariant differentiation of x=£! ¢, gives
0V, ¢=V,a—¢; V; =V, a—a.¢;
So (29) reduces to '
(30) By, £t .¢,+E Vy Byy=0
Differntiating (30) covariantly, we get
(31) £t ¢, VmBit + Bj & Vi + Bjy &) ¢ &' + ¢ &' V, By,
+ £ (aym By +Bm Vi By;)=0.
Again from (30)
(32) B, %1 ¢ & +om £V Ay By =¢, [Byy £ ¢, +£ Ay By, ]1=0

Hence (31) reduces to
E b, DuByy + (@ym + Vi &) B;, ¢4 + ¢t P Vi By, =0 '
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Using (32) we get from the above condition
(33) (alm+ v'm 4’5 —4’5 ‘bm"ﬁm ¢’z) Bg‘t £6=0'

Since Ba‘ ¢ €'=0 (by (20)) the tensor a;pu+Vm ¢y—s dm—Fbm $, may be
equal to zero and may not be so. However, we suppose that

(34) aym+ Am é; _‘#l bm—Bn ¢, =0,
Hence, é‘ d;m+él Am 951_“- (¢n;+5on)
=$l (alan+v-1n “f’l “#l ¢171‘-6n3‘75l)=0'

Therefore, the vector of recurrence

1
K,,,=(-:— (¢ C=Vuu C+C B+ £ aypn]

= £ (80 (C + 2%) + 8 (C + %)= Vs (C + )], C20.

By virtue of case (i)i.e. C 4+ « = 0, K,, reduces to
(35) Kpn=—¢,

Again, by virtue of case (ii) i. e. V; «=0, K,, reduces to
(36) Kn=g [#n (C+24) + fn (C + 0~V Cl, CHO.

Hence, we deduce the following theorem :—

Theorem 5! If an A G {#K,} admits an affine motion generated by a recurrent
vector field £ given by V; &8 = ¢, (x) & (¢; not a gradient vector field) then
the space is a recurrent space of first order and By, & = 0. Further, the Ricci
tensor B;; is either identically zero or is of the form B;;= —¢; «;, where

«; ='-1( V; «. In the former case, the vector of recurrence of the space is — ¢y,

while in the later case it is —(1: (¢ (C + 24) + B (C + «) — ¥ Cl, C%0 pro-
Vided a;m"“' v'm 4’! i ¢Z ‘f’m o ﬁm ¢l = 0,
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