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ON AFFINELY CONNECTED GENERALISED
2.RECURRENT SPACES

KAMALAKANT SHARMA

Introduction : Generalised 2-recurrent Riemannian Spaces were studied by
A. K. Roy [2] who denoted an N-space of this kind by G {#*Ky}. In the present
paper we call an aﬂinely connected space with symmetrlc connection P a

Ao

generalised 2-recurrent space if

(1) Ve va‘;“:T"W Bj‘lcb-l-ﬂm\va k1o \
a9 (SN R

where V¥ denotes covariant dltrcrentlatlon with respact toF and Ty, is a

Jk
covariant tensor of second order and 8,, is a covariant vector An N-space of
this kind shall be denoted by A G {#K,}. It has been shown that if such a
space of symmetric connection is decomposable and. T;; =% 0, then one of the
component spaces is plane. A sufficient condition 1s obtamed in order that

such a space may be an affinely connected recurrcnt space ‘
YN

Defining an afﬁnely connectcd space as a generallsed pro;ectlvc 2-recurrent
space if (L.1) V, Va Wi, =T, W;H + 8 v W;“‘ and denoting an
N-space of this kind by A G P {2K} it is easy to see that every A G {#Ky} is an
A G P {2K,} but the converse is not.jn general ¢rue.  In this paper a necessary
and sufficient condition has been obtained that an A G P {*Ky} may be
A G {°K,}. \_U M

1. Decomposable A G {ZKN}

If two spaces Ly and Ly_uare gwen w1th co-ordmates X% oty ﬁ, y=1,2,...,,M)
and x4 : (A, B,C = M+1, ., N) and the connections I';, and 2 thcn the

BC?
L, with co-ordinates x®: (a, b,c =1, 2, \..., N) and connection I'f, = {I'sy,
I'a }is called the product of Ly and Ly_,. An Ly that 'is a product space is
said to be decomposable [l]. A geometrrc object in a decomposable Ly is
decomposable if and only if its cornponents with respect to the special
co-ordinates are always zero when they have indices from both ranges and the
components belonging to the sub-space Ly (Ly_y) are functions of x* (x#) only.
In a decomposable Ly, B¢ ., By, and their covariant dcri\{atives are

- decomposable.
We now consider a decomposable A G {*Ky}
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Since (2) VmBY,, + Vi B Yo+ Vi B!, = 0, we have

Va Vm‘,,“'l"v.. Vi ”m'l"VnVT« jmlas
Using (1) this gives, '
(3) Tpa BY,, + Tun B!, + Tyu'BY,, =0 by virtue of (2)
Put m=p,n=a;i,j,k, 1 = %,8,7, 6
Then from (3) weiget, Tpo B%,, + Tyo By + Tso ng,

Whence (4) Ty B4, =0. '

Y
Next, weput m = «, n = ﬁ;i,j,k,l= v, P,U,"'
Then, T«s BY,_ . + T,p B:M\-i—‘ T,s B P‘o = 0.

Par

¥ ¥
i b {9 i " AN

Whencc (5\) T*B Pd"l‘ = 0.

Now,put m = v, n=«'}i,j. k, 1 = "_,{," B, 7,8
Then, Te- BS,q + Toer Bfe, o Tow By = 0

B¥5

Whence (6) T, BG,; = 0.

Finally, we put, m = «,n = 7' ,t,],k l = v,P, 0,

Then Tor B}, + Tcn- B{ « T 1:" Bluo =0, ) l-,\l LUITE I
Whenpe (7) Tey B Y, =0 .~ & : y y ”;“,. ,Q‘ ek \.

. If Ts; = 0, one of Tpo, Tups T s Tus must be non-null. . {17
Hence, either BS,, =0 or BJ, =0. L

A B
We can therefore, state the following theorem : nig

Theorem 1 : If in an A G {#K}, T, ; %= 0and "thé space is decomposable

then one of the’component spaces is: plane. ! oA

Henceforth by an A G {?Ky}, we shall mean a non-deoomposable Space

5. Recurrent A G {Ky}: Suppose that in an A G {“KN} the tensor T,,.p has
the form g\

(8) Tme = Vo ¥m + ¥p x,—xm B,

where x,, i8 a covariant vector field.

From (1), we get,’

(9) Vo Ve Bjyy = (Ve %ii + %u %o = X' 0) Byiy + 8o Vi BYy
If possible, let (10) Vi B”&l = X BY. . + Hipm _
where H”“m % 0.
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From (10) we get, _
Vo VaBY,, = BS,, Vo Xy + Xn Vo BY,, + Vo HY,,,

= (Vo Xm + X Xp) B, + X HY 0 + Vo Hipim
Again from (9) . ‘
Ve Ve Bf, = 8o XmBf,, + 6 iy, + (VPX + XnXp — Xp Be) BY,,
' = (Vo %+ X X,) BYy, + 6o Hi o |
Hen ce,

(11) Vv, H:qum+ "‘Huzp B» uzm=0

If the differential equatlons (ll ) have no othcr solution than the zero

tensor, then H!Y - 0. X LS K wlV SN
But this is contrary to the hypothesis in (10) .
Hence, from (10) it follows that the space 1s recurrcnt

From this we get the followmg thcorem
Theorem 2 : If in an A G {?K} the tensor T,,, has the form
Top = Vo ¥n + 'm Xp — X By
and the differential equations
Ve Hipp + X Hiyp, — 8, Hiyppy = 0

‘have no other solutions than the zero tensor then the space isan aﬁinely
connected recurrent space.

‘3. Condition for A GP {*Kx} tobe A G {*Ky}
It is easy to sece that every A G {K,} is an A G P {2K,} with the same
vector and tensor of recurrence but the converse is not in general true. Hence

in this section we find a necessary and sufficient condition for the converse to
be true.

Let us consider an A G P {#K,} with symmctnc Ricci Tensor
Then,

wim = B!kl + 6; (Bx: — Byy)- +

+ N -1

[8f (NBy; + Byy) — o8 (N B, + Bu)]

R TS T~
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¢ ' 1 i B.. — s' B )
reduces to W, = By + g1 (8 By 1 By

putting this value in (1 l) we get,

[\ | 4

(12) (Vp Vm B Vm B' Tm; B;k;)

LV

\ +ﬁ1——1 [6: (Vs Vn BJL = ﬂ; Vm B:il = T’”’: B”“").

- 8: (v.o Vm B”; == 5; v,nBil: g Tm; B,Ha)] =0

Let us now suppose that this space is affinely connected ggneralisedﬁ 2-Ricci
recurrent space.

Then’ Vo VmBil K 5; Vmsz == Tm;BJZ =0
Hence from (12) we have

Ve VnBj,;, = 6 Van Biu: — - T, B;kz = 0.
i.e. the space is affinely connected generalised 2-recurrent space.

Conversely, it is easy to see that every affinely connected generalised
2-recurrent space is affinely connected generallsed 2-R1cckrecu1:re space. ]

I (PR TR N TThA i (NI
Hence, we deduce the Theorem : .
I I o gl ipieno i ¢

Theorem 3: An aﬂinely connected generalised pro_lectlve 2—recurrent space
with symmetric Ricci-tensor is an affinely conneoted g‘enel'alisedt 2-reéurrent
space if and only if it is an affinely connected generalised 2-Ricci-recurrent
space. &

.
\!

Acknowledgement : The author acknowledges h1s grateful . thanks to Prof.
M. C. Chaki for hlS help and guldancc in the preparatlon of this’ paper

REFERENCES

[1]) Pioken, F. A.—The Rlemanma.n and affine differential Geometry of Produot Spaces, Ammls
of Math. (2) Vol. 40 (1939), 893-913.

[2] Ray, A. K. —On generalised 2-recurrent tensors in Riemannian Spaces, Bull. Acad Royalado

Belg. Tome, 58 (1972), 220-228. ¢
| t ) ‘ \
Received boiue B VU "' Dapt. of Pure Math,
11. 2. 1982

Oaloutta University

i



