Jour. Pure Math,
Vol. 5 ( 1985—88 ), pp. 27—35

ON THE MAXIMUM TERMS OF THE DERIVATIVES OF ENTIRE
FUNCTIONS IN SEVERAL COMPLEX VARIABLES REPRESENTED
BY MULTIPLE DIRICHLET SERIES,

B. C. Chakraborty and Md. Muklesur Rahman

Abstract : A family F of entire functions in several complex variables represented by
a multiple Dirichlet series has been considered. Hadamard multiplication and the concept
of rank of a maximum term of any function f, ¢ F have been introcuced. Partial derivatives
of any order of two different functions are considered and a few inequalities involving
their maximum terms ani ranks have been obtained in R®, real n-space. After removing

the set of discontinuities of tha rank from R®, the special forms and the consequences of
the above inequalities are also obtained.

1. Notations : We denote complex and real n-space by C® and R” respectively and the

set of non-negative integers by I, so that I" will denote the Cartesian product of n
copies of I. We indicate the points (s,,......,s, ¥ (ors0.0008), ( My, ) etc. of C»
or R® by their corresponding unsuffixed symbols s, o, m respectively and make use of

the standard notations of the single variable which are easy to understand from the
context.

Fors,w ¢ C"and < ¢C wheres - ( s,,...... Sa )y W=(wWy,...... W, )
we define

i) s=wiff s,=w,, i=|,......,n
i) s+we ( S +W,,...... Sat+W, ),
i) «8=(«s,...... < S,)

iv) S.W=8§,W,+...+ s, Wy
%) | s ={|s,|2+ ...... +|s.|2}1/2

ForaeR,s ¢ Cn,
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Vi S
) Sla 3 (S'l"u,....ansnla)

Also fo
r
¥ < R", we say that

vii )

= A Vi i ) | n
viii - v i
W) X < v iff x < y but x£y
X )

SRV A It =y Tl
T s
he positive hyperoctant R®, in R will be

Rn — : . i
s §X'XGR‘,X.\-O R S ,n}. For t ¢« R™,

’

we s
St llt| =t,4......4-t, and for m ¢ I?, m! =m,{.:Mal .

Also for s ¢ C™, t ¢ R°, we shall denote st' -'stn o
i n

t o . ‘
S ( S l 1 even if S, :_0) For k € R, E will denote the fea' n-tuple { k_,-.....,k ) For an

ki
P f

entire function f with domain C», f& will denote the function akl '2" where K¢ I* apqg
Sj.--++-0®n

R,
An unorthodox notation: In the definition of a multiple Dirichlet series we takep

ee)

sequences {/\,m } == s S

n of exponents.

., Mm ) of those sequences. For brevity we
n

We shall often require the n-tuple ( A et

) . Also, for a particular set of values of m, ,......m,, say

denote this n-tuple by ( Aim

1

) will be denoted by (A ). Thus

p - (pl gt pn ) ’ the n"tuple ( A]liyno.--a ’ Anpn

i S5 5
5. (Apm, ) Will mean sidjp 4 Shom,

2 \We consider an entire function in C® represented by the multiple Dirichlet series

[00)
a
fl ( o000 (3 ) = 2 ml ...... mn exp ( slhlm + ------ + snAnmn )
mh---"'sm!‘lzi :

[o0)
fl (S} — 2 an exD{ SHI( l\ﬂm“ )} y where

(2. 1.) o
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o«

si=onetning L f =) - =1l Jyas <IC.and {,\,m, f |
mJ =

are n sequences of exponents satisfying the conditions

(2.2) O< <A < ... <)Ag—+Dask—>@, for j= I ... , n. Throughout we

tacitly assume that
(2. 3) lim log m, 26

m,-+°° )‘Im’

A. |. Janusauskas [ 2 ] had shown that if (2.3) holds then the domain of

convergence of the series ( 2. 1 ) coincides with its domain of absolute conver-

gence.
Let F be the family of all entire functions represented by a series of the form

@
(2.1) having the same sequences of exponents { Am } (R =Rxe.n )
J
m, = |

and satisfying the condition ( 2.2 ).
For f,, f, € F, we define f = f, * f, by

@
(2. 4) f(s)=f(s)*fh(s)y= 2 a,b,exp {s. (Anmn}where
m=1
©
(2.5) fi(s) = Z amexp{ Ca (= )}and
m=I —

©
(2. 6) f,(s) = Z bmexp { s. ( Mam )}
m=| L -

Throughout this paper f will denote the product function f; * f, as given in ( 2.4 ).
Theorem 1. The function f, as defined by ( 2.4 ), belongs to F.

®
Proof : Since (2.5) s entire, the seriesmzI | 3= | €xp {a- { Aam )}is convergent
= L
®
for all o « R% In particular, it is convergent at o = 0,sothat = [a_ | is
m=I
convergent. Thus, lim | 3= | =0 and hence the n-sequence | am | is
im e Ahe
o

bounded. Also the series 2 | b, | exp{ 0. (Ann )} is convergent for all o < R”

m=1
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00

and consequently I | ay | | by | exp{ o (i) } is convergent for all o ¢ R
me | : n

@ 4

which implies xlam b, 0xp {s, (5,7 )} is absolutely convergent for all s ¢ C»,
m = n

Hence ( 2.4 ) represents an entire function and fe F.
3. Corresponding to any f, e F we define the functions: the maximum modulyg
M (o, f1), the maximum term 1. (o, f,) and the indices v ( o, f;) of the maximum

term u (o, f, ), (j = l,...... n) On R* by M ( o, f, ) = max [f(s) |,
Res = o

# (o fi) = max M . ( Aum
melﬂ[la Iexp{ ( ”)}

(o fi) =max[m:|am| exp {-0' Aam ) } = plo,fi )] j=leeein.
n

Wecalv =y (q,f )= oy v, ) as the rank of the maximum term p(o,f). Itig

shown in theorem I that tne series ( 2.4 ) belongs to F. Consequently, for K el
k

k
k o x
B =(h(8)* fy(s)) =Z (Ann )8 bu €XP { e ) }and fls)=1.(s) *1: ()
m=| = %
®©
=2 (Am ) * ap by eXp{ S (A )} are also elements of F.
m—;l o n

k
Let M ( o, k ), M* ( o, k ) be the maximum modulii of f* and f* respectively and thejr

respective maximum terms be denoted by x ( o, k ) and p* (¢, k). Then,

plo k)= max [(Am)*|a,by,| exp {a- (Anm. )}]:

me |?
W (k) = max [(h )™ |3 ba| 06p fo (Aum L]
meln n * .n

Also let vy=v (o, k) and »* = »* (0. k) j=1I ......, n, be the indices of n (a. k)
and u* (o, k) respectively and v = v (o, K ) = (n ,oeeee0r ), v* =% (0, k) =
(v * ..... wu* ) be their respective ranks.

Theorem 2. For O < o << {andk € I,

k1 M* (£0)

M(a,k)\{ T —o)*



S )

On The Maximum Terms of the Derivatives of Entire Functions etc. 31

Proof : By Cauchy’s integral formula

—[,_T—- 'Ti?ﬁ: . Wy eee ... AWy
38 on... B8, )
where C=Ci1'% .. XCoCi: |W-8| =h-ol =] .ccruis i
ikl -
Hence, 0 f (s) g ki M(Z O)
K, K, = (L-0)F
B8y suearasa 2%,

Since M (o, 0)=M?*(q 0) forall oe R the theorem follows.

Theorem 3. Forany ce R*and ke I?,

(A )X p* (o, k) u
gAP«————(a'k) < (Ar* ),

where p = ( Dy......,p, ) is @ position of occurrence of u (o, k) and »* (o k)isth

rank of p* (o, k).

Proof: Letu (o k) occur at a position p=( py----.- ,P=) and p* (o, k) occura

* =
P —=({pr——=pl)- iThen;
b(ok)=(Ap)= |2, b, | exp { o(A )}
> ( Aspse > | dps Dps | e’(p{ o (A np% ) }= ‘LE‘A(T(:)I:_Z

F‘(Urk)

Hence,
plo k)

< ( Aups )~ Evidently p= < v*. Dueto ( 2.2 ) we have,

u* (o, k)

SO )
Again, u* (o, K ) = ( Aaps )25 | 8,4 b* | exp {a-(hm)}
> (Ap)®™ |3, by | expfo. 2 )} = ( Map )*u (0, k). Hence,

p* (o, k)

B-2) (M) < T T

Combining ( 3.1 ) and ( 3.2 ) the theorem follows.
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Theorem 4: For any k >>(-j and o € R",

AT
lll . ’\"qn < 1 ( a, k \<_, A]V] £ RO e )‘nvnl
u( a, k-1)
where q — ({ Gy coonn. Q. ) is a position of occurrence of u( ¢, k.| ) ang
(w, e--,vy ) is the rank of ¢ (o, k), L
Proof: Letu (o, K) occur atp = (P - /Pa ). Then,

# Qo Kl) = (nng ) [ 3y by | exp {0 - ("m)}

'}(Ann)khllapbp|exp{a.(hn“)}= M(U"k) . Hence,

(3. 3)

(3. 4)

(4. 1)

@(o, k)
‘Wg Alpl ---A“p"gA}Vl..-AnVn-

AGain (o, k) > () * | 8yby | exp{ o (o)}

= Alqg --- Ang, & ( o, k-1) . Hence,

‘k -
}\lql"‘hnqn = _‘lf:(f(o" k-|)) ; comb|n|ng ( 3k 3) and ( SNq ) the theorem fOHOWS,

Theorem 5. For any k> O and o € R?,

* 31 K ees *
NG oot = w}g = it A vt

u* (o, k-1) N
* %
where. q* = (g, , Q») is a position of occurrence of u* ( o, k-1 ) and +* =
(S va* ) is the rank of u* ( o, k).

Proof : The proof is exactly similar to that of theorem 4.

For any f, € F, let D be the set of all discontinuities of v in R®, where v = ( v,..ccom)
is the rank of the maximum term u ( o, f, ). Also let S denote the set of all o ¢ R’
at which ¢ ( o, f, ) is attained by more than one term of the series

o

Z | an| exp{ o.(hm,) }-

m=lI
R. K. Das [1] had shown that D and S are identical. (A similar result for enti®
functions represented by multiple power series was proved by J. G. Krishna [3])

Hence for o € R*-D, u ( o, f, ) is attained by only one term of the series (4. 1) and
the position of that termis v = (v ,..., v, ).
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Hence in such a case, the theorems 3,4 and 6 will take the following forms in

theorems 6, 7 and 8 respectively,
Theorem 6. Forany o« R* - D and k « I,

@2) (w) s < ()

where y and v* are the ranks of u and u* respectively and D is the set of all discon-

tinuities of v ( o,k ) in R~

Theorem7. ForanyoeR"-D,and k>> 0,

a, K
(4:3] I‘] vy ( g, k'l ) “ea A,, Vy ( Oy k" ) én :’l.::;_,k')-[Téhl Vi ( d, k ) cerhm Vo ( a, k )r

where D, is the set of all discontinuities of v ( o, k-1) .
Corollaries : For any o ¢« R*D, ,

D M (0,0). 2 (0,0)LAn (0, T) ... \vy (0, 1) 00) Ko

IySEGe, Ty — p(o 2y 2
W, 0)  w(ad)

iiiy Putting k=1, Z,......, p successively in ( 4.3 ) and multiplying the resulting p
inequalities and using (i) we have,

2 ik

{ (o, p )} 5 . y

Ai(o, 0). My (0,0) < ——'ﬂ (0, 0) S Mo p) = Ava(o D).

Theorem 8. For any o ¢ R” - Dr and k >0
p* (o k)

s
(4. 4) A:v;(ﬂ,k-l) "M V.(U k1)< n*(mk-l)} i)h:. (a,k)'“A,,:,,(a, k)
*
where D, is the set of all discontinuities of y* (o, k-1) .
Corollaries : For any o ¢ R”-D:

i) Mi(2,0) A (5,0) < dyt (o7 ) A 7 1)<

iy #(o 1 _ #(s,2) '

<

#* (o, 0) [1"(0,1')
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i) " I 1
’\IV‘("'O) " A v:((ro) < {}L*(”'p }_2p = X

ut (0,0) Ao By

¥
a\'l v“ ( (r' ‘;)

T
heorem 9. For any o « R® - DUD,and kel (k > 0),
|
.ll* (UI-R) k+|
A'VI(G'E’—l).“f\"vn(()‘,ﬁ-l) é { ;_(—G___RT) Al\:(cyk)

""\h Vn* ((J', E),

Where D is the set of all dicontinuities of v ( o, k)and D, is the set of ali discony;
nuities of v ( o, k-1 ).

Proof : From (4.2) , using (4.3), we have

u*i(Fo k)< u (o, k) (A..v*(G,E))T(

—

S p (o k1) v (o, K)“Av* (0, K ) (Ava* (0, K))

Hence,
(45) w* (o, K) A o 2
T < (oK) Ava (0 K ) (Av* (o K)
u ( o, K- )
e H _k
Again, from (4.2), p* (o, k) Zp (o, k)X v(akK) =>p (o,k-1)*
. ¢ (k.
Alvl(cr, k-l) AT VS (0'- K"l) (An v (ol k)

Hence,

K o k
(4.6) 4t (oK) ) = A (oK) A (oK) (A (o, R ).
w (o, k-l
From ( 4.5 ) and ( 4.6 ), using ( 4.2 ) and the Corollary (i) of theorem 7, the result
follows. The second author wishes to express his gratitude to the ‘““Govt. of India”
for awarding him a scholarship.
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