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Abstract 
In this paper certain classes of multivalued functions strictly weaker than continuous 

one, have been introduced for bitopological spaces, which present extended and 

gttneralized versions of their singfe.,valued an~ mul!ivalued counterparts between topolo­

gical spaces Thoy ha\e been characterized and studie'd specially with regard to their 

mutual dependence and interrelations. 

1. Introduction 

For the last quarter of a ccntur) > different mathematicians have been taking keen 

interest in the introduction and study of numerous kinds of mappings in topological 

spaces most of which are strictly weaker than the usual continuous or open maps. Such 

a vast study has not only effectively characterized various concepts of topology but al­

together nevv directions of further research and study have emerged. Some of these 

n\aps have been generalized to their multivalued forms too. 

The notion of 1weak continuous map on topolog1cal spaces was first introduced 

and studied by N. Levine [5] followed by its further study by T. Noiri [1 O. 11, 12] 

and others. M . K. Singal and A. R. Singal [13] introduced the concept of a very important 

class of a non-continuous map which they termed almost continuous function. This 

k.ind of map was later found to be a natural tool and extremely useful for studying nearly 

compact spaces, almost regular spaces and for fruitfully characterizing H-closed spaces as 

the almost continuous images of minirnal Hausdorff spaces. Due to its effectiveness ard 

use in application, the concept was subsequently generalized to fuzzy topological situation 

by Azad [1 ] and to its multivalued form in a more generalized structure of bitopological 
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spaces in [9J F . 
h 

unctions between topological spaces under t e same terminof 

almost c t · 

ogy Vii 

on Inu1ty were also studied by Husain [31 and others f2, 15J, but each of · 

function · · 
. . those 

s is Independent of that of Singal and Singal. lnvesugat1ons of these fu . 

along w·th h . 
. nct,ons 

1 t eir mutual interactions are found in [6, 7, 8]. A certain study of 
1 

continua (' 
• 1 

• • a lllost 

us 1n the sense of Hu.;ain) and weakly continuous mu t1funct1ons is d 

S . 

one b 

m1thson (14], generalizing some results derived earlier for single-valued case. Afte Y 

introducf f 
K II 4 . r the 

ion ° the theory of bitopological structures by J. C. e Y [ ] in 1963, th 

tw b d . 
. 

8 last 

0 eca es have wrtnessed a tremendous growth of tho theory resulting to a 

literatu f 
1 

• vast 

re O Papers dealing with numerous concepts cf topo ogy in more Qenerai· 

. . 

'~d 

premises in a very effective manner. Such struc~ures are seen to be naturally inherent i 

cer:ain situations like quasiuniform, quasi-pseudometric or quasi proximity space and th: 

th~ory contains the theory of topological spac~s in particula . Apu r from extension of 

c :>ncepts of topology to a more generalized perspective, the study of bitopo/ogical sraces 

has alreaby shown some real worth in getting ne11Ver concepts, more general, more fru1tflJf 

specially when the two topologies are very much naturally associated. Though a 
9 OO

~ 

number of papers have appeared dealing with some single-valued map~ between bitopO
1
0

• 

gical spaces, the multifunctions have recently been touched demandir.g a substantive 

theory in this context to be evol\ed. 

With the above motivation in view, our aim in this paper is to introduce and stud; 

the multivalued forms of weak continuitv of Levine and almost continuity of Husain in 

bitopological spaces and make a conparative study of these maps along with almost 

continuous mu ltifunctions studied in [9J. 

By X and Y we shall always mean the bitopological spaces (X. P1 , Pr) and 

(X, 01, 0 2) where P1, P2 (0 1, 0 2 ) are two arbitrary topologies on X (respectively Y) and 

F will denote a multifunction from X to y, P1-clA and P1-intA will respectively star d for 

c losure and interior of a subset A of X with respect t o the topology P1 on X, for i = 1 or 2. 

Similarly tha notations 0 1-clB and 0 1-intB ar.J defined. We make the convention that in 

any senterice where the suffixes i & j both appear it is understood that i, i = 1, 2 and i ::e j. 

2 . Weakly Continuous Multitunctions Between Bitopological Spaces 

Definition 2.1 Let (X, P1, P2 ) aud {Y, 0 1. 0 1) be two bitopotogical spaces and F: 

:X ~ Y be a multifunc·,ion. Then 

(a ) the upper inverse F: (G) and lo"Ner inverse F- (G) of a subset G of Y 

under Fare defined by 

f f- (G) = {x 1: X: F (x) cGf, F- (G) = fx e X: F (x) n G # 0 f. 
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(b) The multivalued graph function Gp of Fis defined to be the function from 
(X. P

1, P2) to {Xx Y, P1 x Q t, P11 x 0 2 ) given by Gr (x) f (x, Y): Y c F (x) I 
for x E X ; by R1 we shall denote the product topology P, x O, (for i =i 1, 2) 
on the product space X x Y. 

Definition 2.2 Let F : (X, P1, P2) -+ \Y, 0 1, Oll) be a multifunction. 
(a) Fis called 0 1 (P1QJ)-upper wedkly continuous (u.w.c.- in short) if for each 

point x0e X and each Oc open set V with F(x0)CV, there exists a P,-open 
neighbourhood ( henceforth nbd., in short) U of x0 such that F(x)cOJ-clV, 
for all x e U, i, j=1 , 2 and i=;i:: j, 

(b) F is called 0 1 (P1Q1)-lower weakly continu ou3 (l.w c.-in short) if for each 
point x0e X and each 01-open set V with F(x0) n V =f. 0, there exists a P1-optm 
nbd. u of Xo such th at F{x)n01-CI V -;- 0, for every XE u (i.j = 1,2 and 

i * j). 
(c) Fis called pairwise u.w.c. (pairwise l,w.c) if F is Q1(P1Q2)-u.w.c. (l.w.c.) 

and Q2 (P20 1)-u.w.c (I. w . c.). 

(d) Fis called pairw ise weakly continuous if F is pairwise u,w.c. as well as 
pairwise 1.w.c. 

Theorem 2.3 A multifunction F : X -+ Y is Q1(P1QJ)-u.w.c. iff its graph function 
GF : X-+(X x Y, R1, R2), where R, = P1 X Q, (for i = 1, 2J, is R1(P1RJ)-u.w.c.,for i,j = 1,2 and 

i * j. 
Proof Suppose F is 0 1 (P10 J)-u.w.c. and x0e x be arbitrary. let W be a R1-open 

set with G F(x0 )CW. Then GF (x0i c U x VcW, where UE P1 and Ve Oh so that F(x0)CVe0 1• 

Since Fis O, (P10 1)-u.w.c, there exi5ts a p1-open nbd. U' of xo with U'cU such that F(U') 
cOi-clV. Then GF (U') = U' x F(U')cU x Oi-clVcRrcl (UxV)cRicl W. Hence GF is 
R1(P1R1)-u.s.c. conversely, let GF be Ri(P;Ri)-u.s.c. and let X0E x be arbitrary. If Ve 0 1 with 
F(xo)CV, then G (x0)CX x VER1 and ha nee IJy hypothesis, there exists a P1-open nbd. U 
of x

0 
such that GF(U)c RJ-cl (Xx V) = X x 0 1-cl \/, That means U x F(U)CX x Or el 

V so that F( U )C Or el V and hence F is 0 1 (P;OJ)-u.w.c. 

Corollary 2.4 F : X -+ Y is pairwise u.w.c. iff its graph function GF is so. 

Theorem 2.5 A multifunction F : X-+ Y is 0, (P10 1)-1.w.c. iff its graph function GF: X-+ 
(X x Y, R1 , R2) is Ri (P;Ri)-1.w.c .. for i, j = 1, 2 and i =;i:: j . 

Proof. let F be 0 1 (P;OJ)-1.w.c. and x0 e X be arbitrary. If WE R1 with GF(x0)nW ::f:. 0, 
then there exist Ue P1, VE 0 1 such that U x V cW and F(xo) n V ::/:- 0- By hypothesis, 
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there exists a P,-open nbd. U of Xu such that P(x) n'O,•cl V / 0, for all ,c, U No,..,, 

Gp(x)nR,-cl (UxV) [ {xjxF(x)lnRr cl (UxV) [ !xJxF(x) In f P,-olUxa, clVJ / 0, for nl; 

xc U so that Gr (x) n R,-cl W / 0, for all xcU and honco •Gp la R, ( P,Ri)-1.w,o. Conv1m1011
, 

Jet V<c. 0 1 such that F(x0) n V / 0, Now G, (Xo) n (X x V) ; , 0, whoro X X V, H,, Shll,o 

Gi- is R1 (P1R1) 1.w.c. there Is P1-opon nbd. U or x0 such that GJI (x)(iR,-cl {Xx V) ; ~. 

for all xeU, i.e., [{x} x F(x)] n [P,-cl X x 0,-cl VJ / 0, so thot F(x) n 0 1•CI V / 0, for tJII 

Xe U. Hence Fis Q1 (P1Q1
)-l.w.c. 

Corollary 2.6 F: X - >-Y Is pairwise 1.w.c. iff its graph function G,, lo oo. 

From Corolla1ies 2.4 and 2 6 we obtain -

Corollary 2.7 A multifunction F: X - >- y is pairwiso wookly continuous lff tho rnu1ti. 

valued graph function GF of F is pairwise weakly continuous. 

Theorem 2.8 If a multifunction F : x >-y is Q 1 (P,0 1)-u.w.c. tho'n P,-cl [F (V)lc F 

(0,-cl V), for every 0 ,-open set V. 

Proof. Suppose x e:F- (0,-cl V,), where VaOJ Then F(x)c ·Y 0 ,-clV, O,. Since F ls 

O, (P10 1)-u.w .c .. there exists a P1-open nbd. U of x such that F( U )C Orcl (Y- 0 ,-cl V). 

Then F(U) n V = 0, since v is Oropen so that u n F- (V) 0, Honce x (t: P,-cl [F . (V)J . 

Theorem 2.9 If a multifunction ,F: X >- Y is O,(P10 1)-l.w.c., then P1CII F"(V)J C F' 

(01cf V), for every 0 ,-open set Y. 

Proof. Let x($ F+(Q1-clV), where Ve Q1• Then F(x)~ Or el V so that F(x)n(Y- 0 ,-clV) 

=I= 0. Since Fis 0 1 (P1Q1) -l.w.c., there exists a Pi-open nbd. U of x such that 'F(x') n 

Or el (Y- 0 1-cl V) :/:- 0, for all x' eU. Then F(x')~V, fc. r all x' e U, since V n 0 ,-'cl(Y O,-clV) 0, 

Then Un F+(V) = 0, where XE u , P,. Hence x($ Pi-Cl F+(V). 

We know that the continuity of multifunctions between topologi ca l spacos lg 

defined by the introduction of two associated concepts viz. lower semi-continuity and 

upper semi-continuiy. Analogously we define the notion of pairwise continuity of 1 

multifunctions between bitopological spaces as follows. 

Definition 2.10 A multifunction F : X -+ Y is said to be 

(a) Q1(P1)-lower semi-continuous (l.s.c.-in short) if for each point x0 of X and 

every 0 ,-open set V in Y with F(x0 ) n V -ft 0, there is a Pi-open nbd. U of ' 

x 0 such that F(x) n V =f. 0, for all x of U (i = 1, 2). 

(bl Q1(P1) -uppor semi-continuous (u.s.c - in short) if for· each point x0 
of X arid 

every 0 ,-open set Vin Y with F, x0)CY, there is a P,-open nbd. U of x
0 

such that F(U ) cV (i = 1, 2), 
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(c) pairwise l.s.c. (u.s.c.) if F is Q1(P1)-l.s.c . (u.s c .) as well as O z(P2)-l.s.c. 
(u .s .c .), 

(d) pairwise continuous if F is pairwise l.s c . and pairwise u.s .c . 

It is clear that every pairwise l.s.c . (u .s .c ., continuous) multifunction is pairwise 
1.w.c . (respectively u.w.c ., weakly continuous). In order to investigate for the converse 
problem we require the following definitions. 

Definition 2 11 (4] A space (X, P 1, P2) is called P, (P1)-regular if for each x in X ard 
each P1-closed set V with xf/:. V, there is a P1-open set U and a P1-open set W disjoint 
from U such that XE U and Ve W, where, as before, i, j = 1, 2 and i ::f= j, X is called 
pairwise regular itf it is P1 (P, )-regular and P1 (P1)-regular. 

Definition 2.12 A set A of a bitopological space (X, P1 P2) is called strictly P1 (P1) 

-paracompact iff every cover Y of A with P1-open sets has a refinement GJ3 with P1-open 

sets, which cover A and GJ3 is P1, locally finite, i,e., for each point x of X there is 

a p1-open nbd. U of x intersecting at most finitely many elements of "B. A is called 
strictly pairwise paracompact if it 1s strictly P1 (Pi)-as well as P2 {P1)-paracompact. 

Theorem 2.13 If a multifunction F: X ~ Y is Q (P, Q,)-1.w.c. and Y is Q, (Q,)-regular, 
then Fis Qi (P,)-1.s,c. 

Proof : L<Jt x_, E X be arbitrary and V be a Os-open set with F (Xo) n V =I= 0· let 
YE F (x0) nv. Since Y is Qi (Q,J-regular and y EV E Qs, there exists D E Q, such that 
y E D c 0 1-cl Dc:V. Now since D E 0 1 and y E F (x0 ) n D, there exists P1-open nbd. 
U of Xo such that F (x) n Qrcl D -::-1c= 0. for all XE u. Then F (x) n V -f=. 0, for all x c U 
and hence F is Q1 (P, )-1. s . . c. 

Corollary 2.14 For a multifu-:ction F from a bitopological space to a pairwise regula r 
space the concepts of pairwise lower weak continuity and pairwise lower semi-continuity 
coincide. 

Theorem 2.15 Let (Y , Q, . Q2 ) be Q1 ( Q,)-regular and for each XE X, F {x) is strictly 
Q, (QJ)-paracompact, where F : x_.y is Q1 (P, Q,)- u.w.c. Then Fis Q1 (P,)-u.s.c. 

Proof. Being similar to that of Theorem 3.9 of [9] is omitted. 

Corollary 2.16 For a multifunction F from a bitopological space X to a pairwise 
regular space the concepts of pairwise upper weak continuity and pairwise upper 
semicontmuity coincide, provi ed F (x) is strictly pairwise paracompact for each x of X. 
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3. WEAKLY CONTINUOUS AND s. ALMOST CONTINUOUS MULTIFUNc,, 

M.K. Singal and A.R. Slngal [13] Initiated the studY of almost continuou _
0

Ns 
• S S1ng1 

valued function between topological spaces. The cor.cept was generalized to rnui . e. 
. . t1va1u 

case and that too between bitopologicel spaces by us m [9]. It ,s the purpose ad 
. . Of \hi 

section to correlate 

the last section. 

the concept with that of weakly continuous multifunction st . a 
Ud1ed in 

Definition 3 .1 

as follows. 

[9] For a multifunction F: (X , P1, P2) -+ (Y , Qi, Q2) we def· 
11'le 

(i) F is Q1 {P1 
QJ)-upper almost continuous in the sense of Singal and s· 1ngal 

(abbreviated as Q1 (P1 
Q)-S.u.a.c.) if for each x0 of X and each Q,-openset V w· 

F (xo) CV, there exists a P
1
-open nbd. of x0 such that F (x) ~Q1-int (Or el V), for all x £ •~h 

(ii ) F is called Q
1 

(P, Q
1
)-lower almost continuou~ in 

the sem:e of Singal an~ 

Singal (abbreviated as Q
1 

(P
1 

Q,)-S.t.a.c.) if for each Xo of X and ea - h Q,-open set V With 

F (xo) n V =f::. 0, there is a P,-open set U containing Xo such that F (x) n [ Q . 1·lnt 

(Qi-cl V) ] =f::. 0, for all x EU. 

(iii) Fis called pairwise S l.a.c. (S.u.a.c.) if F is Q1 (P1 Q2)-S.l.a c. (S.u.a c) as 

well as Q!J (P 2 Q1)-S. l.a.c. (S u.a.c. ). 

(iv) F is called pairwise S. almost continuous if F is pairwise S.l.a.c and pair••·· •vise 

S.u.a.c. 

It is obvious that 

Theorem 3.2 If F: X-+Y is a multifunction, then 

(a) Fis 0 1 (P1 Q1)-S.u.a.c. (pairwise S.u.a.c.) 

=? Fis Qi (P1 Qi)-u.w.c. (Pairwise u.w.c.) 

(b) Fis 0 1 (P1 Q1)-S.l.a.c. (pairwise S.l.a.c.) 

=? F is 0 1 (P1 0 1)-l.w c. (pairwise l.w.c ) 

(c) F is pairwise S. almost continuous=? F is pairwise weakly continuous, 

Definition 3.3 Let F : X -+Y be a multifunction. 

(a) Fis called P1 (01)-open, if for each Pi-open set U. F (U} is Qi-open (i= 1 or 2,, 

Fis called pairwise open if it is P1 (01)-open and P2 (QJ)-open. 

(b) F is called P1 (01)-point open if for each P1~open set U F (x) 1·s a , i-open, 

for all x € U (i, j = 1, 2 ; i #- j). F is called pairwise point open if it is p1 

(02)-as well as P2 (01)-point open. 
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Theorem 3.4 If a multlfunction F : X -► Y is a1 (P, Q1)-u.w.c. and P (Q )-open, then 
F Is 0 1 (P1 0 1)-S,u a.c. 

Proof. let x0 , X be taken arbitrarily and let V be a Q -open set such that F (Y JJ C '/. 

Then there exists a P1-open nbd. U of x0 .such that F (U) c Q
1
-cl V. Since F is P, 

(01)-open, F (U) c 0 1-int (Q1cl V) and hence Fis Q, (P1 Q1)-S.u a.c. 

Corollary 3.5 For a pairwise open multifunction. the concepts of pairwise S. upper 

almost continuity and pairwise upper weak continuity coincide 

Theorem 3.6 If a multifunction F : X ► Y is Q, (P1 0 1)-1.w.c. and P1 (OJ -point open, 

then F is 0 1 ( P, 0 1)-S.l.a.c. 

Proof. let x0 c X be arbitrary and V c Q1 such that F {x0 ) n V =I= 0· Then the re is a 

P1-open nbd. U of x0 such that F (x) n Or el V =I= 0, for all x c U. Now for each x c U, 

since F (x) is OJ-open, we must have F (x) n Q1-int (Or el V) =I-- 0, for all x c U. In fact , 

if for some x c U, F (x) n 0 ,-int (Or el V) = 0, then since F (x) n Orel V =I= 0 there must 

exist y c F (x) such that y c Q -cl V but Vt/:. Q1-int (Orel V). Then F (x) is a Or open nbd. 

of y and hence F (x) n V * 0, so that F (x) n Q1-int (01cl V) =I= </,, as VcQ1- int 

(Orel V)-a contradiction. 

Hence F is 0 1 ( P1 0 1)-S.l.a.c. 

Corollary 3.7 For a pairwise point-open multifunction F: X ~ Y, the concepts of 

pairwise S.l.a.c. and pairwise l.w.c. coincide. 

The following theorem gives alternative conditions under which pai rwise upper 

and lower weekly continuous muitifunctions may be identical with pairwise S. upper 

and S. lower almost continuous functions respectively. 

Theorem 3.8 let F be a multifunction from X to a pairwise regular space Y. Then. 

(i) F is pairwise l.w,c. iff F is pairwise S.l.a.c. 

(ti) F is pairwise u.w.c. iff F is pairwise S u.a.c., provided F (x) is pairwise 
strictly paracompact for each x of X. ,. 

Proof, Follows from Corollaries 2.14 and 2.16, and the fact that every pairwise lower 
(upper) semi-continuous function is pairwise S.l.a.c. (S.u.a.c.) 

4. WEAKLY CONTINUOUS AND H. ALMOST CONTINUOUS MULTI FUNCTIONS 
A new class of non-continuous single valued maps under the terminology 'almost 

continuous functions' was introduced by T. Husain [3] Husa·in's I t • . . . · a mos continuity 1s 
seen to be independent of that of Singal and Singaf [13]. This section is devoted to the 
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introdu t· f ulu·, .. ..,,. •• o,.,.., • 
c ion of an extended form of Husain's almost continui1'/ or n, ... , ..... u ,w rn :; rr.or,; 

generalized setting of b·1t I . I S h a multifunction ,s characu,,iud .arid opo og1ca spaces. uc ., 

studied briefly and its behaviour with regard to weakl'/ continu<,us and S. alm~i t 

continuous multifunctions has been investigated. 

Definition 4.1 For a mul1ifunction F: x-Y we defire as follows. 

(i) Fis Q , (P, P
1
)-uppcr almost con1inuous in the sense of Husain ' 0, (Pi P1)­

H.u.a.c. - in short) if for each Xo of X and each a-open set V with F (X..OJ cV, P,-cl F+ (V) 

is a P -nbd. of ~-

(ii, F is Q (P, P
1
)-lower almost continuous in the sense of Husain ' O CPs P,}­

H l.a.c. - in short) if for each ~ of X and each Q -open set V J"11th F ( Xo) n / =fa 0, 

PJ-cl F-(V) is a P,-nbd. of Xo, 

(iii) Fis called pairwise H.I a.c. (H.u.a c.) if F is Q <Pi P:)-H.L,.c. (Hu a.c.) 

as well as 0 2 (P2 Pi)-H.1.a.c. (H.u.a,c ). F is ca'led pairwise H.a.c. if F is pair11i£e 

H l.a.c. and pairwise H.u.a.c. 

Theorem 4.2 Let F: X-+Y be a multifunction. Then 

(a) F is 0 , (P1 P,)-H.u.a.c. jff F*' (V) c P,-int [P,-cl F+ (V)J, for even1 Q • OP'Jn 

set V. 

(b) Fis a. (P, P,)-HJ.a.c. iff F-(V)C P1-int [P1-cf F- (V)]. for ~ve Y a -open 

set V. 

Proof. 

(a) Let F be 0 1 (P1 P,)-H u.a.c. and x e F~ (V). then F (x) cV '= U · Then P-cl , 

p · (V) 1s a Prnbd. of x0 so that x e P1-mt lP,clF,.. rV)). Conversely, 'or an~, 

Xo of X and a Q.-open set V with F (x0) c V. we have Xo E F,4, (VJ c P-int 

(P,-cl p· (VJ). 

Thus P, cl F;.. (V) is a P1-nbd of Xo-

(b, Let F be 0 1 (P1 P1)-H.l.a c. and x e F- (VJ. Then F (x) n V =f.: 0. Then 

there exists P1-open set U such that x e U c P,-cl F- (VJ and hence x tE p
1
_ 

int [Prcl F-(V) ]. 

Conversely, Xo EX and F (Xo) n V =i= ~. where V €a.~ Xo tE F- (V) cP. int 

[P,-cl F- (V)] c P,-cl F- (V). 

Theorem 4.3 A multifunction F : (X. P1 P2)-+-(Y Q Gt) is a (P p) H (H 
• • , , ., 1 , - • u a c. l.a.c.) 
1f the graph function Gp : X-+(X x Y R11 R2J is R (P p) H u (H I 

, 1 1 , • • .a c •. a,c ), where 
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Proof. First let Gr be R (P1 P1)-H.u.a.c. and let xi X be arbitrary. Suppose V, Q 

such that F (x) c V. Naw X x V e R such that Gr (x) C X x V Then Pi-cl Gr· X x V)] 
is a P1-nbd. of x. Now, GF~ (Xx V) fx c X: F (><) c Vt F (V) Thus Pi-cl (F• (V)) 
is a P1-nbd. o f x and hence F Is Q, {P1 P1)-H.u.a.c. 

Next, let Gp be R1 (P, Pi)-H I.a c. and x c X be arbitrary. If V is any Q,-open set 
with F (x) n V = 0, then G F (x) n (X x V) 0. where X x V e RI' Hence there exists a 
P -open nbd. U of x ~uch that x e U c PJ-cl [Gr(X x Y ) ) . But Gp(X x V) fx c X : 
F (x) n V !: 01 - F " (V) and then F IS Q, (P1 Pi)-H.l.a c. 

Corollary 4.4 A multifunction F Is pairwise H.u .a.c. or paIrwIse H.I a.c. or pai wise H. 
almost continuous 1f its graph function GF is respectively so. 

It can be easily seen that weak continuity and H. almost continuity of a multi­
function betwaan b11opolog1cal ~paces arc: independent notions. In fact, they are also 
so evan for single-valued case. We shall now derive cond1t1ons under which they can 
be correlated . 

Definition 4.5 A mult1function F : X -►Y Is called 
(1) Q, (Pi Q )-upper almost open (u.a.o., in short) 1f 

F+ (Q1-clV) C (Prcl (F+ lG) ). for every V c Q,, 
(ii) Q (Pi 01)-lower almost open (I.a.a •• in short) if 

F (Q1-clV) C: Prcl (F- (V) ), for every V e Q1, 

(iii) pairwise u a.o. (I.a o.) 1f F is Q 1 (P2 Q .)-u .a.o. (I.a.a.) and Oa (P 1 Q1)-u.a.o. 
( l.a.o. ). 

(iv) pairwise almost open if it is pairwise u.a.o. as well as pairwise I.a.o. 

Theorem 4.6 A multi'unction F: x-Y, which is a. (P1Q1)-u.w.c. and Q1 lPiQ1)-u,a.o., 
is Q1 ( P1P1)-H.u.a.c. 

Proof. Let x c X be arbitrary and Vl Q1 such that F (x) cV. Since F is Q1 (P1Q1)-u.w c, 
there exists a P1-open nbd U of x sucn that F (U) c Orel V. It then follows that 
Uc F+ (OrclV) cP1-cl (F+ (V ) 1since Fis 01 (PJQ1)-u .a.o.). Thus Prcl (F+ (V)) is a 
P,-nbd. of x and F is Q1 (P P )-H.u.a c. 

Corollary 4.7. A pairwise u,a.o. multifunction is pairwise H.u.a.c. if it is pairwise 
u.w.c. 

Theorem 4.8. A multifunction F: x-Y which is Q1 (P1Q1)-l.w.c. and Q1 (PiQ
1)-l.a.o., 

is 0 1 (P1PJ)-H .l.a c. 
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Proof. Let Xo E X and VE o, such that F (Xo) n V f= e. Since F is o, (P,Oi)-1.w.c., 

there exists a P
1
-open nbd. U of x

0 
such that F (x) n Orel V -f;. 0, for all XE U. Thus 

U cF-(Orcl V). Again, since F is Q
1 

(P1Ql)-l.a.o., we have Xo E U cF-\ Orel V) c PJ-cl 

(F-(V) ). Thus Pref (F~ (V) ) is a Pcnbd. of x0 and Fis 01 (P1P1)-H.I a.c. 

Coroliary 4.9- A pairwise I.a o. multifunction is pairwise H .l.a.c. if it is pairwise l.w.c. 

From Corollaries 4.7 and 4.9 we immediately have. 

Corollary 4 .10 A pairwise almost open and pairwise weakly continuous multifunction 

is pairwise H. almost continuous. 

Theorem 4 11 A Q
1 

(P
1
P

1
)- H.u.a.c. multifunction F : x~v is O, (P,OJ)-u .w .c. if Pi-cl 

[ F .. (V)] cF+ (Orel V), for e11ery Q1-open set V of Y. 

Proof. Let x r X end V cQ, such that F(x) cV, Since F is O, (P,PJ)-H.u.a .c., Pi-cl 

(F+ (V) ) is a P,-nbd. of x. Then there is a P,-open set U such that XE U cPi•CI (F+(V)) c 

F· (Oi-cl V). Thus F ( U) c OJ-cl V and Fis 0 1 (P,01)-u.w.c. 

Theorem 4 .12 A Q
1 
(P,Pi)-H.la.c. multifunction F: X ►Y is 0 , (P,0 ,)-1.w.c. if Pi-cl 

[ F-(V) JcF- (01-cl V), for evory Q1-open set V of Y. 

Proof. Let x
0 

c X and V c Q
1 

such that F (x0) n V -/ 0 Since F is 0 , (P, P,)-H.l.a.c., 

there exists a P
1
-open nbd U of x

0 
such that U C P, cl (F (V) ). Using the given 

condition we have x0 
c U c F (Or clv). Thus F (x' n Q1-cl V 0, for all x c U and F is 

0 1 (P, 0 1)-l.w.c. 

From Theorems 4.11 and 4.12 we now havo 

Corollary 4.13 (a) A pairwise H u.a.c. (H,I a c.) multifunction F: X ►Y is pairwise 

u .w.c. (l.w.c.) if P1-cl [F+ (V) ] cF+ (Q1-cl V) (rospecti vely Prcl [F- (V)] CF- (QJ-cl VJ ), 

for every Q1-open set V of Y, where i, j 1 and 2, i -1- j. 

(b) A pairwise H almost continuous multifunction F: X -►Y is pairwise weakly 

continuous tf Pr cl tF- (V) ) c F~ (0 1-cl V) holds for every 0 1-open set v of y 
' 

where i, j= 1 and 2, i ~ j 

The following theorems, obtained as immediate consequences of certain previously 

deduced results, present connections between S. almost continuity and H. almost 

continuity. 

Theorem 4.14 (a) A multifunction F : X ►Y which is Q (P Q )-S u (S I d , 1 J •• a c. . .a.c. ) an 
Q

1 
(PJ Q1

J-u.a.o. (I a.o.) is O, (P, P1)- H.u.a.c. (H.l.a.c.) 

(b) A pairwise u.a,o. (I.a o.) and pairwise S.u.a.c (S 1.a .c.) multifunction is 

pairwise H.u.a.c. (H .l.a.c.J 
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(c) A pairwise almost open and paitwlse s. almost continuous function i& pair­

wise H. almost continuous. 

Froof. (a) Follows from Theorems 3.2, 4.6 and 4 8 

(b) Follows from Theorem 3 .2 and Corollary 4 .7 and 4 .9. 

( c) Follows from Theorem 3 .2 and Corollary 4 .1 O. 

Theorem 4.15 (a) A P1 (01) open and Q1 (P1 PJ)-H .u.a.c. multifunction F ; X - >--Y is 

0 1 (P1 0 1
)-S.u.a.c. if Pr cl [F+ (V)] c F+ (Orel V), for every 0 1-open set V of Y 

(b) A pairwise open. pairwise H.u .a.c. multifunction F: X-+Y is pairwise S.u .a.c. 

provided P r el [ F+ [V) ] c:: F+ ( Orel V), for every Ci-open set V of Y, where 

i, j - 1 and 2, i =J=. j . 

Proof. (a ) Follows from Theorem 3.4 and 4.11. 

(bJ A consequenca of Corolla1y 3.5 and 4.13 {a). 

Theorem 4.16 (a) A P
1 

(QJ)-point open and 0 1 (P1 P1)-H.l.a.c. multifunction F: X-+Y is 

0 1 (P
1 

QJ)-S.l.a.c . if Pi-cl [F': (V) J c F- (01-CI V), for every Q1-open set V of Y. 

(b) A pairwise point open, pairwise H.l.a.c. multifunction F : X-+Y is pairwise 

S.l.a.c . provided Pi-cl [F~ (V) J c F- (Oi-cl V), for every Q1-open set V of Y, 

where i, i= 1 and 2, i * j. 
Proof. (a) is a direct consequence of Theorem 3.6 and 4.12, whereas (b) follows 

immediately from Corollary 3.7 ar.d 4.13 (b). 
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