|
|

gical spaces.

Jour. Pure Math.
' Vol § (1985—86). pp. 1526
ON COMPARISONS OF CERTAIN NONQCONT[NUOUS
MULTIVALUED FUNCTIONS BETWEEN
BITOPOLOGICAL SPACES

.M. N. Mukherjee and S. Ganguly

Abstract |
In this paper certain classes of multivalued functions strictly weaker than continuous

one, have been introduced for bitopolcgical spaces, which present extended and
generalized versions of their single-valued and multivalued counterparts between topolo-
They have been characterized and studied specially with regard to their

mutual dependence and interrelations.

1. Introduction
For the last quarter of a century, different mathematicians have been taking keen

interest in the introduction and study of numerous kinds of mappings in topological
spaces, most of which are strictly weaker than the usual continuous or open maps. Such
a vast study has not only effectively characterized various concepts of topology but al-
together new directions of further research and study have emerged. Some of these
n‘mps have been generalized to their multivalued forms too.

The notion of \weak continuous map on topological spaces was first introduced
and studied by N. Levine [5] followed by its further study by T. Noiri [10. 11, 12]
and others. M. K. Singal and A. R. Singal [13] introduced the concept of a very important
class of a non-continuous map which they termed almost continuous function. This
kind of map was later found to be a natural tool and extremely useful for studying nearly
compact spaces, almost regular spaces and for fruitfully characterizing H-closed spaces as
the almost continuous images of minimal Hausdorff spaces. Due to its effectiveness ard
use in application, the concept was subsequently generalized to {uzzy topological situation

by Azad [1] and to its multivalued form in a more generalized ‘structure of bitopological
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spaces in [9] Functions between topological Spaces unde
almost‘ continuity were also studied by Husain (3] and others [
functions is independent of that of Singal and Singal. Investigations of these funcy;

alonctl with their mutual interactions are found in [6,7 8] A certain study of 4 long
continuous (in the sense of Husain) and weakly continuous 3

Smi o : ;
mithson [14], generalizing some results derived sarlier for single-valued case. Afg,
/ 1
wuctures by J. C- Kelly [4] in 1963, the | 2
ast

theory resulting to 4
Vast

r the same terminolgg,
Viz

2, 15], but each of i ;

multifunctions js done
by

introduction of the theory of bitopological s

1 .

wo becades have witnessed a tremendous growth of the

li . i

terature of papers dealing with numerous concepts of topology In MOre generalizey
e

premises in a very effective manner. Such struciures are seen 10 be naturally inheren; ;
In

c . L4 - . b . ~ S . . .
eriain situations like quasiuniform, quasi-pseudometrlc or quasl proximity space anqg ¢
8

theory contains the theory of topological spaces in particula’.  AP=rt from extension o

concepts of topology to a more generalized perspective, the study of bitopological spaceg

h
as alreaby shown some real worth in getting newer concepts, more general, more frufy,

specially when the two topologies are very much naturally associated. Though a goqq

number of papers have appeared dealing with some single-valued maps between bitopolo.

gical spaces, the multifunctions have recently been touched demandirg a substantivg
theory in this context to be evoled.
With the above motivation in view, our aim in this

the multivalued forms of weak continuity of Levine and

paper is tO introduce and study
almost continuity of Husain in

bitopological spaces and make a conparative study of these maps along with almost

continuous multitunctions studied in [9].
By X and Y we shall always mean the bitopological spaces (X Py, Pg)uand

(X, Q,, Q,) where P, P, (Q;, Q,) are: two arbitrary topologies on X (respectively Y) and

F will denote a multifunction from Xto. P,-clA and P,-intA will respectively stard for

closure and interior of a subset A of X with respect 10 the topology Pion X, fori =1 or2!

ns Q,-cIB and Q,-intB are defined. We ma
h appear it is understood that i,j =1, 2andi#j

Similarly the notatio ke the convention that in

any sentence where the suffixes i & j bot

2. Weakly Continuous Multitunctions Between Bitopological Spaces

Definition 2.1 Let (X, Py, Pa) aud (Y, Q; @) be two bitopotogical spaces and F:

X > Y bea multifunciion. Then

(a) the upper inverse Ft (G) and lower inverse F~ (G) of a subset G of Y

under F aré defined by

F+ (G) = fx e Xt F (x) CGj, F(G) = {xeX: Fx)N G #0a4§,
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(b) The multivalued graph function G of F is defined to be the function from
(X. P, Py)to (X x Y, P, xQ, Py x Q) given by Gy (x) = { (X, ¥): yeF (x)}
for x e X ; by R, we shall denote the product topology P, x Q, (fori = 1, 2)
on the product space X x Y.

Definition 2.2 Let F: (X, P, Py) — (Y, Q,, Q,) be a multifunction.

(a) Fiscalled Q, (P,Q)-upper weakly continuous (u.w.c.-in short) if for each
point xoe X and each Q,-open set V with F(xo)CV, there exists a P,-open
neighbourhood (henceforth nbd., in short) U of X, such that F(x)CQ,-clV,
forallx e U, i, j=1, 2 and i|.

(b) F iscalled Qi (P,Q)-lower weakly continuous (l.w c.-in short) if for each
point xoe X and each Q;-open set V with F(xe) NV # @, there exists a P,-open
nbd. U of x, such that F(x)NQ,-cl V == g, for every xe U (i.j=1,2 and
J== )5

(€) Fis called pairwise u.w.c. (pairwise l.w.c) if F is Q,(P,Q,)-u.w.c. (l.w.c.)
and Q,(P.Q,)-u.w.c (l. w. c.).

(d) Fis called pairwise weakly continuous if F is pairwise u,w.c. as well as
pairwise l.w.c.

Theorem 2.3 A multifunction F:X Y s Q,(P,Q))-u.w.c. iff its graph function
Gg : X—>(Xx Y, Ry, Ry), where R, = P, x Q, (fori=1, 2), is Ry(PiR))-u.w.c.,for i,j=1,2 and
==

Proof Suppose F is Q, (P,Q)-u.w.c. and Xpe X be arbitrary. Let W be a R,-open
set with G(x,)CW. Then G (xo) c U x VCW, where Ue P, and Ve Q,, so that F(x,)CVeQ,.
Since Fis Q, (P;Q))-u.w.c, there exists a p,-open nbd. U’ of xo With U'CU such that F(U")
CQp-clV. Then G (UV=U" x F(U)cU x Q,-clVCR,-cl (UxV)CRcl W, Hence Gy is
Ri(PiR))-u.s.c. conversely, let Gy be R.(P;Rj)-u.s.c. and let xe x be arbitrary. If Ve Q; with
F(x,)CV, then G (x)CX x VeR; and hznce by hypothesis, there exists a P,-open nbd. U
of x, such that Gg(U)C R;-cl (X x V)=X% x Q;-cl V. That means U x F(U)CX x Q;-cl
V so that F(U)C Q;-cl V and hence F is Q, (P,Q;)-u.w.c.

Corollary 2.4 F : X —» Y is pairwise u.w.c. iff its graph function G is so.

Theorem 2.5 A multifunction F : X — Y is Q, (P,Q)-l.w c. iif its graph function G, : X_»
(Xx Y, Ry, R,) is R, (PR)-l.w.c.. fori, j=1, 2 and i j.

Proof. Let F be Q,(P,Q))-l.w.c. and x, € X be arbitrary. 1f We R, with Gr(x)NW = g,
then there exist Ue P, VeQ, such that U x VCW and F(x)NV # 3. By hypothesis,
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there exists a P,-open nbd. (U of x, such that EnQrel V 7 g forall xe U, N,
G () AR-el (UxV) = C(xIKEOOI 1 R0l (UV) = [ (IR TN (ProlUxQrCVE 6. or ol
xcU s0 that Gp(x)R-cl W # ¢, for all xeU anc hence Gy is R (PR))-l.w.c, COnvornmv;
let Ve Q, such that F(x)NV # ¢ Now Gplx)N(X xV) 7 ¥ where X X VeR,, gjp,,
Gr is R, (PR,) l.w.c. there is P;-open nbd. U of X, guch that Gy (x)NR=el (X x V) o f,
for all xeU, i.e., [{x} x F(x)]N[Ps-c! X x Q¢cl V] # ¢ 8O that FOONQ-clV 7 # for

xe U. Hence Fis Q, (P,Q))-l.w.c.

Corollary 2.6 F : XY is pairwise L.w.c. iff its graph function Gy 16 80-

From Corollaries 2.4 and 2 6 we obtain—

Corollary 2.7 A multifunction F: X — Y is pairwise weakly continuous itf the my.

valued graph function G, of F is pairwise weakly continuous.

Theorem 2.8 If a multifunction F : X=Y is Qi (Pi@)=U:W:C: then Pi-cl [F~(V)|cp-

(Q;-cl V), for every Qi-open set V.

Proof. Suppose xgF-(Q.-cl V), where VeQ;
Q, (P,Q))-u.w.c.. there exists a P,-open nbd. U of x
Then F(U)NV =g, since V is Q,-open so that unF(V)-

Theorem 2.9 If a multifunction F: X > Y is Q,(P,Q)-l.w.c, then Pcl[F*(V)] cf+

Then FOOCY —Qi-cIVeQi. Since F jg
such that F(U)CQ,-cI (Y—Q,-cl V),
¢, Hence x:P-cl [F7(V)].

(Qcl V), for every Q,-open set V.

Proof. Let xgF*(Q-clV), where Ve Q. Then F(x)& Q-cl V so that Fix) N (Y— QI'CW)
+ @, Since Fis Q (P.Q)-Lw.c., there exists a Pi-open nbd. U of x such that F(x)n:
Q,-cl (Y—Qu-cl V) g, for all x'eU. Then F(x)&V. fcrall x' eU, since VN Qu-cl(Y— Qp-clV)=y,
Then UNF*(V) =@, where xe U ¢ P Hence x& P-cl F*(V).

We know that the continuity of multifunctions between topological spaces |g

defined by the introduction of two associated concepts viz. lower semi-continuity and

upper semi-continuiy. Analogously we define the notion of pairwise continuity of!

multifunctions between bitopological spaces as follows.

Definition 2.10 A multifunction F : X — Y is said to be
(a) Q(P))-lower semi-continuous (l.s.c.-in short) if for each point x, of X and
every Q,-open setVinY with F(x,)NV # @, there isa P-open nbd. U of'
x, such that F(x)NV # @ for all x of U (i=1, 2).
(b) Qy(P,)-upper semi-continuous (u.s.c -in short) if for each point x, of X and
every Q,-open set Vin Y with F x,)CY, there is a P-open nbd. U of %
such that F(U)CV (i=1, 2),
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(c) pairwise ls.c, (us.c) if F is Q,(P,)-l.s.c. (u.s.c) as well as Q.P,-ls.c.
(u.s.c.),

(d) pairwise continuous if F is pairwise |.s.c. and pairwise u.s.c.

Itis clear that every pairwise ls.c. (u.s.c., continuous) multifunction is pairwise
l.w.c. (respectively u.w.c., weakly continuous). In order to investigate for the converse
problem we require the following definitions.

Definition 211 [4] A space (X, P,, P,) is called P, (P))-regular if for each x in X ard
each P,-closed set V with x& V, thereis a P,-open set U and a Popen set W disjoint
from U such that xe U and VC W, where, as before, i,j=1,2andi =, X is called
pairwise regular iff it is P, (P,)-regular and P, (P,)-regular.

Definition 2.12 A set A of a bitopological space (X, P,.P,)is called strictly P, (P)y)
-paracompact iff every cover iy of A with P.-open sets has a refinement CB with P,-open
sets, which cover A and % is P, locally finite, i,e., for each point x of X there is

a p-open nbd. U of x intersecting at most finitely many elements of % A is called

strictly pairwise paracompact if it is strictly P, (P,)-as well as P, (P,)-paracompact.

Theorem 2.13 If a multifunction F : X — Y is Q, (P, Q,-Lw.c. and Y'is Q. (Q))-regular,
then Fis Q, (P)-I's.c.

Proof: Letx; e X be arbitrary and V be a Q,-open set with F(x) NV # ¢g. Let
vYe F(x) NV. SinceY is Q, (Q)-regular and ye V ¢ Q,, there exists D ¢ Q, such that
yeD C Q-cIDCV. Nowsince DeQ,andye F (x,) N D, there exists P,-open nbd.
U of xo such that F (x) N Q-cI D + ¢, for all xe U. Then F(x) N V - @, for all x e U
and hence F is Q, (P, )-I. s. .c.

Corollary 2.14 For a multifunction F from a bitopological space to a pairwise regular

space the concepts of pairwise lower weak continuity and pairwise lower semi-continuity
coincide.

Theorem 2.15 Let(Y,Q, . Q.) be Q, (Q,)—regular and for each xe X, F (x) is strictly
Q: (Q))-paracompact, where F : XY is Q. (P: Q)- u.w.c. Then Fis Q, (P,)-u.s.c.

Proof. Being similarto that of Theorem 3.9 of [9] is omitted.

Corollary 2.16 For a multifunction F from a bitopological space X to a pairwise

regular space the concepts of pairwise upper weak continuity and pairwise upper
semicontinuity coincide, provi ed F (x) is strictly pairwise paracompact for each x of X
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3. WEAKLY CONTINUQUS AND S. ALMOST CONTINUOUS MULTIFUN(;TI

: 0
MK. Singal and AR. Singal [13] initiated the study of almost continygy, sin;‘s
i 8.

valued function between topological spaces. The coricept was generalized to rnuh;\,a,‘u
Bq

case and that too between bitopologicel spaces by Us in (9]. It is the purpogg of

y continuous multifunction stug ig
lEd

section to correlate the concept with that of weakl i
n

the last section.

Definition 3.1 [9] For a multifunction F: (¢, Pi.Pa) = (¥, Qu Q) we defi,
8
as follows.

(i) FisQ (P, Q)-upper almost continuous in the sense of Singal ang Singa

(abbreviated as Q, (P, Q)-S.u.a.c.) if for each x, of X and each Q-openset y wi
F (x,) CV, there exists a P-open nbd. of x, such that F (x) CQr

(i) Fis called Q, (P, Q)-lower almost continuous in the se
{ for each x, of X and ea-h Q-open set y wit
such that F(x) n [Q,

. |
int (Q,-¢l V). for g, Uh
€

nce of Sing,| o

Singal (abbreviated as Q, (P, Q,)-S.l.a.c.) i
F(x) NV = @ there is a'P-open set U containing Xo
(Q-cl V) ] # ¢, forall x e U.

(iii) Fis called pairwise S l.a.c. (S.u.a.C.) it Fis Q

well as Q, (P, Q,)-S. lL.a.c. (Su.a.c.).
(iv) Fis called pairwise S. almost continuous if F is pairwi

-int
(P, Q?)'S-La C. (S-U-ac) 8

se S.l.a.c and Pairwige

S.u.a.c.
It is obvious that

Theorem 3.2 If F: XY is a multifunction, then
(a) Fis Q: (P; Q)-S.u.a.c. (pairwise S.u.a.c.)
= Fis Q. (P, Q,)-u.w.c. (Pairwise u.w.c.)
(b) Fis Q (P, Q)-S.la.c. (pairwise S.l.a.c:)
= Fis Q, (P; Q)-l.w c. (pairwise l.w.c)
(c) F is pairwise S. almost continuous = F is pairwise weakly continuous,
Definition 3.3 Let F : X —»Y be a multifunction.
(a) Fis called P; (Q)-open, if for each P.-open set U, F (U) isQ;-open (i=1 or 2,
F is called pairwise open if itis P; (Q,)-open and P, (Q,)-open.
(b) F is called P, (Q)-point open if for each P;-open set U, F (x) is Q,-open,
forall xeU (i,j=1,2; i #]). F is called pairwise point open if it is P,
(Q,)-as well as P, (Q,)-point open.
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Theorem 3.4 If a multifunction F: X —» Yis Q, (P, Q)-u.w.c. and P, (Q,)-open, then
FisQ, (P, Q)-S,u.a.c.

Proof. Let x, ¢ X be taken arbitrarily and let V be a Q,-open set such that F (x,) C V.
Then there exists a P-open nbd. U of x, ,such that F(U) c Q-cl V. Since F is P,
(Q,)-open, F (U) C Qi-int (Q,cl V) and hence F is Q, (P, Q))-S.u.a.c.

Corollary 3.5 For a pairwise open multifunction. the concepts of pairwise S. upper
almost continuity and pairwise upper weak continuity coincide.

Theorem 3.6 |f a multifunction F: X - Y is Q, (P, Q))-L.w.c. and P, (Q,)-point open,
then Fis Q, (P, Q))-S.l.a.c.

Proof. Let x, e X be arbitrary and V € Q, such that F (x;,) N V # ¢. Then there is a
P-open nbd. U of x, such that F (x) N Q,;-cl V # ¢, for all x e U. Now for each xe U,
since F (x) is Q,-open, we must have F (x) N Qi-int (Q;-¢cl V) # ¢. for all xeU. In fact,
if for some x e U, F (x) N Q:-int (Q,-cl V)=¢, then'since F (x) N Q,-cl V # ¢ there must
exist y e F (x) such thaty e Q-cl V but ye Q;-int (Q,-cl V). Then F (x) is a Q,-open nbd.
ofy and hence F(x) N V # ¢, so that F (x) N Q;-int (Qcl V) = 4, as VCQ,-int
(Q,-cl V)-a contradiction.

Hence F is Q; (P, Q))-S.l.a.c.

Corollary 3.7 For a pairwise point-open multifunction F:X — Y, the concepts of
pairwise S.l.a.c. and pairwise |.w.c, coincide.

The following theorem gives alternative conditions under which pairwiseé upper
and lower weekly continuous muitifunctions may be identical with pairwise S. upper
and S. lower almost continuous functions respectively.

Theorem 3.8 Let F be a multifunction from X to a pairwise regular space Y. Then.
(i) Fis pairwise Lw,c. iff F is pairwise S.l.a.c.
(if) Fis pairwise u.w.c. iff F is pairwise S u.a.c., provided F (x) is pairwise
strictly paracompact for eactz x of X,

Proof, Follows from Corollaries 2.14 and 2.16, and the fact that every pairwise lower
(upper) semi-continuous function is pairwise S.l.a.c. (S.u.a.c.)

4. WEAKLY CONTINUOUS AND H. ALMOST CONTINUOUS MULTIFUNCTIONS
A new class of non-continuous single valued maps under the terminology ‘almost
continuous functions’ was introduced by T. Husain [3]. Husain’s almost continuity is
seen to be independent of that of Singal and Singal [13]. This section is devoted to the
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introduction of an extended {orm of Jusain’s almost continuity fof m"l:f::::';:';;: s
8eneralized setting of bitopological spaces. Such 2 multifuncuo? i e and
Studied briefly and its behaviour with regard 1o weakly continucl - almosgt
Continuous multifunctions has been investigated.

i i follows.
Deflnition 4.1 Fora multifunction F: X-Y we define as

: f Husain (Q, (P, p
(i) Fis Q, (P, P,)-upper almost continuous in the 88".5:31 :z(,(., e F: (;);
H-u.a.c. -in short) if for each x, of X and each Q.-open set V wit
is a P-nbd. of x,.

- of Husain (Q, (P, P
(i) FisQ, (P, P)-lower almost continuous in the sense (P Py

tVwith F(X) NV g
Hla.c.-in short)if for each x, of X and each Qr-open s€ #
Pi-cl F~(V) is a P,-nbd. of x,

H | P 'H.L".-C. (H U_a‘C.
(iii) F is called pairwise H.la.c. (H-.u.ac.)if F is Q« (P P2) )

irwi .a.c. if F is pairwige
as wellasQ, (P, P,)-H.la.c. (H.ua,c). F is called pairwise H

H l.a.c. and pairwise H.u.a.c.

Theorem 4.2 Let F: XY be a multifunction. Then ; B oo
(@) FisQ (P, P)-H.uac. iff F* (V) C Peint [Py-cl F* (V).
setV. 7
> - , for eveiy Q;-open
(b) Fis Q,(P, P,)-Hlac. iff F(V)C Pyint [Prel F~ (V)]
set V.
Proof.
(@) LetF beQ, (P,P)-Hu.ac. and x e F* (V).then F(x)cV e U, Then P.c|
F* (V)is a P-nbd. of x, so that x e P-int (P-cIF* (V)). Conversely, for any
x, of X and a Q.-open set V with F (x,) € V. we have x; e F* (V) C P.-int
(Ps-cl F* (V)).
Thus P,-cl F* (V) is a P-nbd of x,.
(b) Let F be Q, (P,P)-H.l.ac. and xeF (V). Then F (x) NV # ¢. Then
there exists P,-open set U such that xe U € Pi-cl F~ (V) and hence x« P.-
Conversely, xe X and F(x;) nV # @, whereV ¢Q,= x,¢ F~ (V) CP, int
[Ps-cl F~ (V)] c Py-cl F~ (V).
Theorem 4.3 A multifunction F : (X, P, P,)>(Y, Q,, Q,) is Q, (P; P)-H.uac. (Hlac)
if the graph function Gg:X—>(X x Y, R,,R,) is R, (P,

P))-H.u.ac (H.La,c), where
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Proof. First let G be R, (P, P)-H.ua.c. and let x ¢ X be arbitrary. Suppose V¢ Q,
suchthat F(x) = V. Now X x V ¢ R, such that Gr (x) € X x V. Then Pj-cl [Gp* (X x V)]
is @ P-nbd. of x. Now, G* (X x V) ={x e X : F (x) © Vi=Ff (V). Thus Ppecl (F*(V))
is a Pi-nbd. of x and hencs Fis Q, (P, P))-H.u.a.c.

Next, let G be R, (P, P)-H.l.a.c. and x ¢ X be arbitrary. If V is any Q,-open set
With F (x) 0 V # @ then G (X) 0 (X x V) 4 ¢, where X x V « R,. Hence there exists a
P-open nbd. U of x such that xe U CP-cl [GE(X x V)]. But Gx(X x VI aer )i
F(x)nV # @gf=F (V)and then F is Q, (P, P,)-H.lLa.c.

Corollary 4.4 A multifunction F is pairwise H.u.a.c. or pairwise H.l.a.c. or pai wise H.
almost continuous If its graph function G is respectively so.

It can be easily seen that weak continuity and H. almost continuity of a multi-
function betwzzn bitopological spaces are independent notions. In fact, they are also
so evan for single-valued case. We shall now derive conditions under which they can
be correlated.

Definition 4.5 A mulufunction F ¢ X—-Y is called
(1) Qi (P, Q))-upper almost open (u.a.o., in short) if
F* (Q-clV) C (P-cl (F* (G) ). for every V ¢ Q,
(i) Q. (P, Qj)-lower almost open (l.a.o., in short) if
F~(Qy-clV) © Py-cl (F- (V) ), for every V € Q,
(iif) pairwise u.a.0. (l.a.0.) if Fis Q, (P, Q.)-u.a.0. (l.a.0.) and Q; (P, Q,)-u.a.o.
(l.a.0.).

(iv) pairwise almost open if it is pairwise u.a.o. as well as pairwise l.a.o.

Theorem 4.6 A multifunction Fz  X—Y, which is Q, (P,Q))-u.w.c. and Q, (P,Q))-u,a.0.,
is Q (P,P)-H.u.a.c.

Proof. Let x e X be arbitrary and Ve Q, such that F (x) cV. Since Fis Q, (P,Q)-u.w.c .
there exists a P-open nbd U of x sucn that F (U) < QpclV. It then follows that
Uc F* (Q-clV) cP-cl (F* (V) ) ‘since Fis Q; (P,Q))-u.a.0.). Thus Pi-cl (F* (V)) is a
P,-nbd. of x and F is Q, (P,P,)-H.u.a c.

Corollary 4.7. A pairwise u,a.0. multifunction is pairwise H.u.a.c. if it is pairwise
u.w.c.

Theorem 4.8. A multifunction F: X—Y which is Q, (P.Q)-l.w.c. and Q, (P,Q)-l.a.0.,
is O.l (P;P,)-H.l.a C.
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Proof. Let x, ¢ X and Ve Q suchthatF(x)nV+ @ Since F is Q; (P,Q;)-Lw.c.,
there exists a Propen nbd. U of x, such that F (x) n @ycl V.7 0. for all xe U. Thus
UcF-(Q-cl V). Again, since F is Q (P,Q)-l.a.0., Wé have X, € UcF1Q-clV) c P
(F=(V)). Thus Pcl (F- (V) ) is a P-nbd. of x, and Fis Q; (P,P)-H.l ac.

Coroliary 4.9- A pairwise l.a.0. multifunction is pairwise H.l.a.c. if itis pairwise |.w.c.
From Corollaries 4.7 and 4.9 we immediately have.

Corollary 4.10 A pairwise almost open and pairwise weakly continuous multifunction
is pairwise H. almost continuous.

Theorem 4.11 A Q, (P,P)-H.u.a.c. multitunction F : X—>Y is @, (PQ)-uw.c. if Pl
[F*(V) ] cF* (Q,-cl V), for every Q,-open set V of Y.

Proof. Letx e X znd V «Q, such that F(x) cV. Since F is Q (PP)-Huac, Pl
(F* (V) ) is a Pi-nbd. of x. Then there is a P-open set U such that xe UcPi-cl (F*(V))e
F¥(Qs-cl V). Thus F (U) = Q,-cl V and F is Q; (P,Q;)-u.W:C:

Theorem 4.12 A Q, (P,P,-H.la.c. mulifunction F: XY is Q. (PiQ))-lw.c. if Ppcl
[F=(V) |CF-(Q,-cl V), for every Q,-open set V of Y.

Proof. Letx,¢XandV ¢Q such that F(x) nV ## Since F is Q, (P, P)-H.lac,
there exists a P-open nbd. U of x, such that U € P;-cl (F~ (V)). Using the given
condition we have x, ¢« U C F~ (Q,-clv). Thus F (x) n Q-clV # ¢, forall xeUand F is
Q, (P, Q))-l.w.c.

From Theorems 4.11 and 412 we now have

Corollary 4.13 (a) A pairwise H.u.a.c. {H,(la.c.) multifunction F: X—Y is pairwise
u.w.c. (l.w.c.) if P,-cl [F* (V) 1cF* (Q,-cl V) (respectively Pj-cl [F~ (V) ]CF~ (Q;-clV)),
for every Q,-open set V of Y, where i, j =1 and 2, i # .

(b) A pairwise H. almost continuous multifunction F : X—Y is pairwise weakly
continuous if Pi-cl (F~ (V) ) © F* (Q,-cl V) holds for every Q,-open set V of Y,
where i, j=1and 2,1 # |

The following theorems, obtained as immediate consequences of certain previously
deduced results, present connections between S. almost continuity and H. almost
continuity.

Theorem 4.14 (a) A multifunction F: X—-Y which is Q, (P, Q))-S.u.ac. (S.la.c.) and
Q, (P, Q,)-u.a.0o. (la.0.)is Qi (P, P))-H.uac. (H.la.c)

(b)y A pairwise u.a,0. (lao.) and pairwise S.u.a.c (S Wele X auiifunction s
pairwise H.u.a.c. (H.l.a.c.)
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(¢) A pairwise almost open and paitwise S. almost continuous function is pair-
wise H. almost continuous.

Froof. (a) Follows from Theorems 3.2, 4.6 and 4.8

(b) Follows from Theorem 3.2 and Corollary 4.7 and 4.9.
(¢) Follows from Theorem 3.2 and Corollary 4.10.

Theorem 4.15 (a) A P, (Q)open and Q, (P, P)-H.u.a.c. multifunction F; X—Y is
Q, (P, Q))-S.u.a.c. if P-cl [F* (V)] € F* (Q;-cl V), for evary 0,-open set V of Y.

(b) A pairwise open. pairwise H.u.a.c. multifunction F : X—>Y is pairwise S.u.a.C.

provided Pj-cl [F* [V) ] & F* ( Q¢! V), for every Qi-open set V RV iere
inj=1.and| 24 £,

Proof. (a) Follows from Theorem 3.4 and 4.11.

(b) A consequence of Corollaiy 3.5 and 4.13 (a).

Theorem 4.16 (a) A P, (Q,)-point open and Q, (P, P,)-H.l.a.c. multifunction F 2 X—Y is
Q, (P, Q)-S.la.c. if Pj-cl [F: (V)] € F (Q-Cl V), for every Q-open set V ofY.
(b) A pairwise point open, pairwise H.l.a.c. multifunction F : XY is pairwise
S.la.c. provided Pi-cl [F~ (V)] € F~ (Q,-cl V), for every Q-open set VofY,
where i, j=1 and 2, i = |.
Proof. (a) is a direct consequence of Theorem 3.6 and 4.12, whereas (b) follows

immediately from Corollary 3.7 ar.d 4.13 (b).
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